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Abstré.ct

This thesis reporfs the results of an investigation of groundwater
flow to wells in which the finite element method was used to examine
a wide ra;'lge of practicalrwéll flow problems that have not been pre-
viously investigated in sufficient detail.

The results of the numerical solutions so obtained provide
practising groundwater hydrologists with more complete information
which may be used in the» se'l-ecti_onr of an optimal well design.

Since the flow \iritﬁm the near Wéll zone exerts a disproportionately
large effect on the performance of a well, considerable emphasis is
placed upon investigating factors which may significantly alter the
flow behaviour clc:;se to the well. The effects of non-linear flow,
aquifer inhomogeneity, well geometry and boundary conditionsg are
examined in detail.

Verification of the finite element solutions by comparison with
known analytical solutions and experimental results from an electro-
lytic tank analogue and a 1argé scale sand-box model isdescribed.

For the various well-aquifer systems investigated, the well
performance results are presented in design tables and figures. Ex-
tensive use of general dimensionless groupings of the design variables
simplifies the presentation of results. The application of the results

in the optimisation of well design is discussed.
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List of Main Symbols

All symbols are defined within the text. For convenience, the
more commonly occurring symbols are defined in the list below.
Definitions of symbols and subscripts which are not listed will be
found in the text, immediately following the use of the symbol or sub-
script concerned. Symbols used in appendices are defined within the

text of the appendices. A

' n
a - coefficient in exponential non-linear flow relationship I=aVv

a coefficient in Forchheimer non-linear flow equation
b I=,aV + bVv2: may be subscripted to refer to a zone of
aquifer inhomogeneity: see definitive figures.

d -+ - characteri_stic length dimension of porous media.

'e? - unit vectors alvong cartesian coordinate axes.

£ .- friction factor -

f - general function

g - acceleration due to gravity

h - hydraulié ﬁead above base of aquifer

he - average thickness of capillary fringe layer

hy -  free surface height (head) at well in unconfined aquifer
hg - saturated {hickneés of unconfined aquifer

hys -  hydraulic head at radius of influence

water level (heé,d) within the well

&

=l

- prescribed hydraulic head

ho (x4)=h(x;, t=0) - initial head distribution

I’g_i}'l_ »1 - absolute hydraulic gradient
i,j - subscx*ipts referring to components along coordinate axes

ki - superscript referring to iteration number for boundary
condition of prescribed well discharge

k - superscript referring to iteraiion number for non-linear
flow solution procedure

k - subscript referring to iteration number for free surface
location procedure



List of Main Symbols (cont'd. )

position along the well screen

depth above base of unconfined aquifer to open bottom end
of a large diameter well

length of well screen

number of nodes in a finite element

thickness of a confined aquifer: may be subscripted to
refer to the thickness of a layer of aquifer inhomogeneity:
see definitive figures

n
exponent of exponential non-linear flow relationship I = aV

number of éxperimental points derived in permeameter
testing '

total number of nodes in the discretization of the entire
flow region.

number of layers in multilayered aquifer

subscript referring to time step number

components of unit outward normal vector

number of network nodeg situated on the well screen

flux per unit area

prescribed f11_.1x per unit area

mniform flux distribution value

radial distance from the centre of well: may be subscripted
to refer to a zone of aquifer inhomogeneity: see definitive
figures

radius of influence

radius of well

length of line segment in one dimensional discretization
radial spacing of nodes in two dimensional discretization
drawdovwn in aquifer ( =h0—h)

drawdown in the well (zhg - hy)



List of Main Symbols (cont'd.)

t - time

4
]

time step increment

1/u -  dimensionless time variable ( 2;4%_ )

Vi - components of velocity vector

X3 -  cartesian coordinates

Z - vertical coordinate

AA - surface area of control volume

B -  boundary of entire flo;.v region

Bl - boundary portion where flux or flow rate is prescribed
82 " - boundary portion where hydraulic head is prescribed
B® - impervious boundary portion

Bf, - free surface boundary portion

BS - seepage face boundary portion

C - coefficient of non-linear effective hydraulic

conductivity (= 1/(a+b Vi) )

[D]$[D] - element and gross matrices

E - number of elements per line segment in one-dimensional
isoparametric ring element discretization
t N . X
Ee, E - functional over individual finite element and entire flow

region R
e .
{F} ’ SF%— element and gross column matrices
E.Gf, {é]n element and gross matrices for Darcy flow
[G]e, [G]- element and gross matrices for non-linear flow

H ~  prescribed elevation of water level in the well: only
referred to in unsteady solution procedure

I - hydraulic gradient

Ly - subgcripts referring to either nodes belonging to an
element or the entire flow region
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List of Main Symbols (cont'd. }

- Jacobian matrix

- hydraulic conductivity: may be subscripted to refer to a
. zone of aquifer inhomogeneity: see definitive figures

- hydraulic conductivity matrix

=  number of vertical and radial "tubes" in two-dimensional
finite element discretization

- element shape function matrix

- well discharge

- discharge contributed by the aquifer
- discharge derived from well storage
- prescribed well discharge

- Dupuit equation steady well discharge for unconfined
aquifer

- Thiem equation steady well discharge for confined aquifer
Vd/4” - Reynolds Number

- entire flow region

- finite element flow region

- storage coefficient

- specific storage coefficient

- element slope matrix

- transmissivity

- flow velocity

- arbitrary control volume

-  dimensionless drawdown variable (= 4 W T(h,-h) /)
- over-relaxation factor

- subscripts in matrix partition form: see equation (4. 47);
referring to nodes on and off the well screen
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List of Main Symbols (cont'd.)

head variation near the well (= h(r,m} - h(ry,m) }
free surface variation near the well (= hir, free surface)-hy)

prescribed free surface tolerance for convergence of
iterative solution for free surface boundary condition

prescribed head tolerance for convergence of iteration
solution for non-linear flow

prescribed discharge tolerance for convergence of iterative
solution for prescribed well discharge boundary condition

well storage coefficient ( = - 2 n'rW2 [ At)
kinematic viscosity of fluid
isoparametric coordinates

density of water

percentage deviation of Forchheimer expression as fitted

to experimental data: see equation (2. 8)
general function

over-relaxation factor



1. Introduction

Analytical solqtions to f)roblems involving groundwater flow‘to a
well are-available only for relatively simple boundary conditions.
Most of these solutions assume that Darcy's law is valid throughout
the flow domain and have been obtained only after making many simp-
lifying assumptions about the flow behaviour near the well. An abund-
ance of published information on such classical solutions is avaijlable.
Methods of applying the solutions in the evaluation of aquifer properties
from the results of field pumping tests are well known to groundwater
hy&fologists the world over., Many texts give an adequate resumé of
analytical solutions and methods of application (Hantush (1964), Walton
(1970), Hazel (1973) ).

The rapid development of high speed digital computers has led
to widespread use of numerical techniques for solving many previously
intractible problems in various fields of the physical sciences, iri-

cluding groundwater and seepage flow. A wide range of groundwater

~ well flow problems have been solved by numerical methods

(Zienkiewicz and Cheung (1965), Taylor and Brown {1967), Javandel
and Witherspoon,(_1968), Taylor and Luthin (1969), Neuman and
Witherspoon (1971), Brutsaert et al (1971), France et al (1971) ),
Although these solutions extend the range of well aquifer systems
that canvbe analysed, the flow is still assumed to obey Darcy's law

and simplifying assumptions are again made about the flow in the

vicinity of the well.

In many practical well-flow problems, velocities high enough

to invalidate Darcy's law may occur near the well. A nor lineer
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velocity-hydraulic gradient relationship is then required to deséribe
the flow. The governing field equat_ion_s incorporating non-linear flow
behaviour are virtually insoluble by- anaiytical techﬁiques for boundary
conditions encouutered in practice. Analytical, sand-box model and
electrical analog solutions for steady state non-linear flow in idealised
well-aquifer flow problems have been reported by Engelund (1953),
Greic {(1961) and Baturic-Rubcic (1966) respectively., Trollope et al
(1970) analysed steady state one dimensional axisymmetric non-linear
flow psing the field equation and the finite element technique outlined by
Volkei' (1969). Huyakorn (1974) solved a number of non-linear flow
problems using a two-regime concept in which the Forchheimer {1901)
equation is used to describe the non-linear [low in a zone around the
well and the Darcy equation is used beyond this zone. This approach has
thé disadvantage that a limiting velocity or Reynolds number must be
specified to separate the two regimes. It is shown in this thesis that
the use of a single Forchheimer equation provides simpler and suffic-
iently accurate solutions. Fewer parameters are required and thus
the task of prese;'xting well design data is made easier.

The method of finite elements is used extensively within this
thesis for deriving numerical solutions to a wide range of common
pra_ctical well flow problems that héve not been previously investigated
in sufficient detail. The versatility of the finite eléement method is
demonstrated by the relative ease with which problems involving non-
linear flow, complex well geometries and boundary conditions, and
aquifer inhomogeneities are solved. The results of the numerical
solutions so obtained provide the basis for the fulfilment of the major

aim of this thesis, which is to provide practising groundwater hydroi-
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ogists with more complete information which may be used in the sel-
ection of an optimal well design,

Since the flow within »the near well zone exerts a disproportion-
ately large effect on the performance of a well, congiderable emph-
aéis is placed upon investigating various factors which may significantly
alter the flow behaviour close to the well, The effects of non-linear
flow, aquifer inhomqgeneity and well geometry are examined in detail.

. When comparing the performance of individual wells for purposes
qf design optimisation, it is necessary in most cases only to consider
the' .s’ceady state behaviour since pumping periods are usually long
enough to allow the'relatively rapid changes of water level in the well
during early pumping times to be neglected. The work detailed in this
thesis thus concentrates.on steady state conditions. To illustrate the
complexity of unsteady (transient) flow in early times and close to the
well {previous solutions grossly oversimplify the early time and near
well flow behaviour) several examples of unsteady _confined aquifer
ﬁell flow are considered in Chapter 6.

Information which comes from the finite element solution of an
individual problem includes the well drawdown-discharge relationship
and the distribution of head and velocity throughout the aquifer., For
purposes of well design, the importance of the drawdown-discharge
relationship is uppermost and is thus emphasised, It is this relation-
ship which is required by the designer when making an economic comp-
arison of alternative well designs. Head and velocity distributions

are of secondary importance in well design. A knowledge of the head

distribution is required when interpreting field data to determine aquifer
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coefficients. The seélection and pla'c‘ément of observation wells to

obtain maximum benefits from planned field testing also depends
upon an understanding of possible head distributions within the -
aquifer. Velocities at the well screen or intake section are import-
ant in regard to particlé' movement, head loss through the screen
and corrbsion/ encrustation problems (Peterson (1955), Prakash
(1962), Smith (1963), Blair (1970)).

It should be noted that screen losses and flow losses within
the well casing are ignored in this thesis. Such effects will be
small if screen entrance velocities are kept within normally accepted
levels. |

In this introduction, only general references to the literature
have been provided. Specifically relevant publications are.-
referred to in the appropriate places throughout the remainder of
the thesis. In addition to literature referenced within the text,
further publications that are considered worthy of mention in re-

lation to groundwater well flow are inciuded in the list of references.

(23
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2. The Velocity-Hydraulic Gradient Relationship

2.1 General
In 1856 Darcy investigated the flow of water in vertical homo-

geheous sand filters. Based on his results, he concluded that the

" flow of fluid through porous media could be described by a linear re-

lationship between discharge velocity (V) and hydraulic gradient (1).

 Simply,

V = KI (2.1)
where K is termed the hydraulic conductivity. Most of Darcy'- rests
were confined to relativel& low veloci{ies but he reéognised that there
was an upper limit to the validity of his law.

Many problems in groundwater flow have been solved on the ass-
umption of Darcy's law which adequa{ely describes the flow situation
provided flow rates are not large,.

Many attempts have been made to derive Darcy's law, or, more
generally the equatiohs of motion in porous media, from the basic
principies underlying the theory of hydrodynamics. In most cases
theoretical justification of Darcy's law has been made through the use
of conceptual models. Detailed reviews of these theories are given
by Scheidegger (1960) and Irmay (1964). However, none of the theo-
relical derivations gives any means of calculating limits of validity of
Darcy's law although they do offer explanations for the breakdown of
the linear motion equation. Derivations based on the Navier-Stokes
equations imply an upper limit when the inertial terms become signif-
icant, while those based on analogy with flow in tubes suggest a break-

down of the law when turbulence commences.
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Many experimental investigations have been carried out to de-

terming the upper limit of validity of Darcy's law. A number of
these have been associated with attempts to define a general equa-
tion for the non-lineaf rélét;onship at high flow rates.

The exristence éf a ioWér iimit of validit}; to Darcy's law and a
so called prg-—ﬁneéf régimé has been fecognised by some investig-
ators. For well flow problems the effects of a possible pre-linear
regime may be neglected and no further mention will be made of it.

A schematic classification of the flow behaviour through porous
média in terms of the I-V relationship is given in Figure 2.1. Such
a classification is supported by the work of Tek (1957), Hubbert (19586),

Ward (1964) and Wright (1968).

1d
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FIGURE 2.1: FLOW CLASSIFICATION

The flow is composed of two separate regimes:




(a) Darcy Regime.

For this regime the {low ié 1éminar, viscous forces predomin-
ate and the linear relationship described by Darcy's law applies.
{b) Non-linear Regime.

Beyond a certain point, deviation from Darcy's law continually
increases as inertial effects become more pronounced. Turbulent
flow will eventually develop at higher flow rates.

2.2 The Range of Validity of Darcy's Law

By analogy to pipe flow, it has become customary to emplov
the Reynolds number (IR.é) as a criterion to distinguish between the
Darcy and the non-linear flow regimes. For flow through porous
media, the Reynolds number is given by

Re = VA/y (2.2
where V is the macroscopic discharge velocity, 4 is the kinematic
viscosity of the fluid and d is some length dimension characteristic
of the porous matrix.

Bakhmeteff and Feodoroff (1937), Rose and Rizk (1949), Cochen
de Lara (1955‘), Yalin and Franke (1961), Karadi and Nagy (1961),
Anandakrishnan and Varadarajulu (1963), Ward (1964) and Wright
(1968) are some of the investigators who have expressed results in
terms of Reynolds numbers. However, due to the difficulty of de-
termining a suitable characteristic length for the particles or pores
of the medijum, together with the fact that other factors such as par-
ticle shape and grading and porosity affect the upper limit of validity,

a wide range of limiting Reynolds numbers has been reported.
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Scheidegger (1960) quotes a range of limiting Re based on mean grain
diameter of 0.1 to 75, It appears doubtful whether one Reynolds

number can ever characterise the upper limit except for geometric-

ally similar packings of the same type of material.

Schneebeli (1955), Dudgeon (1966), Wright (1968) and others

have observed that the onset of turbulence occurs at Rg values at

least one order of magnitude higher than the Re at which a signific-

ant deviation from Darcy's law becomes apparent.

2.3 Non-linear Regime Relationships

A large number of proposed non—liﬁear motion equétions, re-
sulting from various theoretical and/or experimental investigations
are reviewed by Scheidegger (1960) and Kirkham (1967}, Three
types of expression are commonly used.

(2) Forchheimer (1901) suggested a simple polynominal ex-
pression for the non-linear relationship between 1 and V at high flow
rates. For one dimensional flow this may simply be written as

I=aV +bVv2 (2.3)
where a and b are constants. Forchheimer subsequently added a
third term to obtain improved correlations with experimental data.
However, equation (2.3) is generally referred to as Forchheimer's
equation. The Forchheimer equation has been derived theoretically
using a microscopic approach by Irmay (1958), Watson (1963),
Sunada (1965) and Stark and Volker (1967). It has been used by
Ergun (1952), Schneebeli (1955), Ward (1964), Irmay (1964) and

others to fit experimental data.
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Stark and Volker (1967) using idealised porous media obtained
results that supported the Forchheimer equation. However, a
single Forchheimer relation did not hold accurately over a wide
range of flows. Rather,r the results indicated the existence of sev-
eral non-linear ranges, each of which could be described by a Forch-
heimer expression {o within an accuracy of one or two per cent.

(b) Various exponential equations of the form

1=avh | (2. 4)
have been used to fit experimental data. White (1935), Escande
(1953), Wilkins (1955), Pé.rkin (1963) and Curtis (1965) are some of
the experimenters who have used the exponential form. These in-
vestigators have quoted a wide variation of the value of the exponent
n. ' Cohen de Lara (1955) realised that both a and n would not be con-
stant in the transition from laminar to turbulent flow.

This variation in a and n has been recognised by investigatofs
who have carried out tests over a su;t'ficiently wide range of velocities.
From experimental results on sands and gravels, both Anandakrish-
nan and Varadarajulu (1963) and Dudgeon (1964) proposed the existence
of several post linear flow r.e’gimes each of ﬁhich could be described

by an exponential non-linear relation.

{c) Equations of the form

£ Ve

5 gd (2.9)

I =

similar to the Darcy equation used for pipe flow have been proposed
to generalise the more basic I-V relationship. The friction factor,
f, is usually related to 2 Reynolds number.

The existence of a wide range of friction factor - Reynolds
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number rela'tionéhips as detgrminéc} by experiment (Lindquist (1933},
Bakhmeteff and Feodoroff (1937), Yalin and Franke (1961),
Anderson (1963), Ward (1964), Wright (1968) ), clearly indicates the
inability of this form to yield one general relationship for high flow
rates ‘through all types of porous media. In the absence of a general
- relationship no advantage can be gained from using the f-IRg forms
over the more basically‘ derived I~V forms since groundwater flow
computations are performed in terms of I and V.

2.4 Selection of Appropriate I-V Relationship

The choice of a velocity-hydraulic gradiéﬁt relationship to des-
cribe the flow behaviour has been made on the basis of how well the
relationship has been found to fit experimental results and the ease
with which it can be applied to the solution of problems involving flow
near wells.

A Forchheimer equation with single values of a and b has been
chosen since it can be made to fit experimental data sufficiently
accurateiy over the range of velocities encountered in flow towards
wells. This equation also presents fewer difficulties in solving
well flow problems. |

The use of the exponential type of non-linear equation was
ruled out since it is not possible to use a single exponential relation-
ship (one set of a and n) to describe flow behaviour which encompasses
both Darcy and non-linéar regirﬂes. The incorporation of variable
coefficient a and exponent n over the flow would present little diff-

iculty in the numerical solution techniques to be described in later

£y
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chapters. However, the use of any relationship involving more than
single valued equation coefficignts means the introduction of at least
one additional dimensionless parameter to the already large number
of such parameters required to fully describe a particular well flow
p'roblem.

The application of a single Forchheimer non-linear expression
to cover a wide range of flows will not give as accurate a descrip-

tion of the flow behaviour as several post-linear regime relation-

_ ships. However, it will be shown that a single Forchheimer relation-

ship will fit experimental data with much less error than the errors
introduced in determining aquifer permeabilities by available tech-
niques.

2.5 Fitting Forchheimer Equation to Experimental Data

Sunada (1965) was able to fit a single Forchheirﬁer equation to
experimental results from various socurces with the percentage de;-
viation not exceeding experimental error. The range of flow rates
in the: majority of analysed results was notlarge.

Dudgeon (1964) presented detailed and qonsistent experimental

investiga{:ions over a wide range of flow velocities for a range of
materialsiin which non~linear and Darcy regimes wére noted.
There is little scatter in Dudgeqn's results for values of VI greater
than 1{)"4 feet per minute. Below this value the methods employed
in overcoming the difficulties in measuring low flow rates and small
head losses could cause‘bias of the results. -

The experimental results. (VI > 10-4 feet per minute) for several

granular materials studied by Dudgeon have been analysed. The mat-
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erials were four river gravels ranging from a coarse sand to a 3/4
inch-gravel and three crushed dolerites ranging from 3/16 to 3/4
inch. The particle size distributions of the seven materials are
given in Figures 2.2 and 2. 3.

Initially a Forchheimer relationship based on the equations pro-
posed by Sunada (1965) was fitted to the experimental points. The
gtatistically based equations described by Sunada give more emphasis
to the smaller values of velocity in an attempt to improve on the fit
given by the method of least squares. However, the resultant fit
was still poor for the coarser materials at low velocities.

An algebraic evaluation of the constants for a single Forchheimer
equation through two carefully chosen experimental points (V, 1) from
the range of results for the material in question was.found to give a
better overall fit. A log-log plot of I/V versus V for the experiment-
al results and fitted Forchheimer relationships is shown in Figure
2.4. On this graph the Darcy regimes plot as horizontal lines and
are easily recognised.

As a measure of the degree of fit, the percentage deviation

(g’ %) as defined by |
2 =~
4 (Ii -a V- bViz) 2
o = E, i x 100 (2. 6)
i=1 |

was used.

The Forchheimer expression coefficients (a and b) used for the
fitted curves of Figure 2.4 and the resulting percentage deviations
are summarised in Table 2.1. For comparative purposes Table 2.1

also presents the a, b coefficients and o’ % that would be obtained by




Table 2.1: Non-linear Forchheimer Coefficients and Percentage Deviations when applied
to Experimental Data.
M 1 Investio- Fit based on Algebraic F'it based on Sunada
ateria e g fit to two points (1965) equations
a b a b
min/ft. min? /ft2 o’ % | min/ft min? /2 g’ %
River Sand Dudgeon 3.5 2.5x10"1 | 4.2% 3.5 2.1x1071 3.8%
-1 R.Gravel " 3.5x10™ 1 6.2x10"2 | 2.3% |3.5x10"1 | 6.2x10°2 2.3%
3/8 R.Gravel I 9.0x10" 2 60x10~2 4,1% 10~1 5.7x10~2 6.1%
3/4 R.Gravel " 8.5x10" 3 8.0x10"3 | 8.6% |1.3x10"2 | 6.9x10-3 259,
3/16 Blue :
Dolerite " - 6.5x102 2,8x10"2 2.3% | 6.9x10"2 | 2.7x1072 3.2%
3/8 Blue . 3.3x10~2 1.8x10-2 | 6.4% |3.8x10"2 | 1.6x10™2 10.3%
Dolerite
3/4 Blue " 7.0x10” 3 6.5x107° | 8.1% |9.6x10"3 | 6.0x10"3 19%
Dolerite
Fine Sand Ananda- | 4.83 6.19 - *4,90 5.6 9%
Medium " kra‘jgnan 12.7 8.00 -
Coarse " Varadara-| 8.64 6.97 - *9,15 6.4 9%
julu

*These values taken from Sunada (1965) as fitted to data obtained by estimation of published
graphs by Anandakrishnan and Varadarajulu.
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using the equations proposed by Sunada (1965). As can be ‘'seen the

relatively simple algebraic fit is better for all materials tested than &
the more complex statisticgl method described by Sunada. The ease
‘and speed with-which the algebraic fit was obtained with percentage
deviation not exceeding 9% in any instance should be emphasised.
‘More complex statistical methods will at best give as good ‘a fit for
considerably more effort and thus fheir continued use does not seem
justified.
Using the algebraic fit described above,Forchheimer expressions
were derived to fit the results of Anandakrishnan and Varadarajulu
(1963), see Figure 2.5 and Table 2.1. Since these results were avail-

able only as plotted points on printed graphs no error estimates were

made,

As can be seen in Table 2.1 and Figures 2.4 and 2.5, a single
Forchheimer equation can be used to fit closely experimental results
for a range of flows involving both Darcy and non-linear regimes.

2.6 Estimation of Aquifer Characteristics

Estimates of the hydraulic characteristics of aquifer materials
are commonly made in two ways.

(i) Samples of the aquifer are taken and the I-V relationship determ-

ined by laboratory tests in a permeameter. Several investigators

have demonstrated the sensitivity of the hydraulic constants to the por- “
osity of the material (Givan (1834), Engelund (1953), Cohen de Lara o |
(1955), Dudgeon (1964) ). Generally the hydraulic conductivity is

approximately proportional to the porosity to the fourth or £ iffh power

and thus small changes in porosity can cause large variations in the pre-
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dicted flow behaviour. Due to the difficulty in obtaining undisturbed

samples of unconsolidated materials it appears unlikely that the poros-
ity and packing of the grain matrix of the laboratory tested sample will
bear any resemblance to the 'original state of the material in the aquifer.
Predictions of aquifer material characteristics by this method could be
in error by one hundred per cent or more. |

(ii) In situ field tests for aquifer characteristics are commonly used
in groundwater investigations and are recommended practice, The
field test data are applied to a mathematical model of the aquifer field
s&.s.tt;am to determine the numerical values of the material constants.
The mathematical model used is a simplifibation of the real system
and thus the resulting values of coefficients will only be as good as the
model allows. Any form of field testing generally becomes an expen-
sive undertaking. Even so, planning, control» and supervision of the
test are too often inadequate with the resultant data being of dubious
quality.

In light of the difficulties involved in determining hydraulic con-
stants for in situ materials the errors introduced by using é single
Forchheimer expression for cases involving non-linear flow are rel-
atively insignificant. The use of multiple regime relationships in
practical field system problems merely complicates an already com-

plex situation.
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3. Governing Field Equations for Well Flow Problems

3.1 Differential Equations of Motion

In many groundwater problems the behaviour of the flow
through the aquifer medium can be adequately described by Darcy's
law. However, where steep hydraulic gradients occur in some aqu-
ifers Darcy's law will be invalidated. In such cases a Forchheimer
non-linear equation (equation 2.3) can be used to describe the veloc-
ity-hydraulic gradient relationship over the entire range of flow.

Tensor notation is now used to describe the three dimenéional
'differentiai equations of motion based on beth the Darcy and Forch-
heimer relationships.

3.3.1 Equation based on Darcy's Law

A right hand system of cartesian co-ordinate axes (x1,x9,X3)
with axis x3 vertically upwards and datum plane x; - %9 is adopted.

€1, EE, Té?g are the three unit vectors along the xi, x9 and x3
axes respectively;

h (xj, t) is the hydraulic head at point P (xi, X9, X3) at time t.

The velocity vector ¥V and the hydraulic gradient vector vh

can be expressed as

v Vi-é; (3.1)
vh ) (3.2)

I9x%;

where the repeated subscripts denote summation over the full range,

from 1 to 3.

For three dimensional flow through anisotropic aquifers,

—

==
V = -K vh (3. 3)
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=
where K is the hydraulic conductivity tensor; a second order symm- -
etric tensor which may be expressed as

¥ = Kij o1 8] (3.4)

: =%
. in which Kjj ave the components of K.

Equation (3. 3) may be more simply written as
gh

vi = - Kiyj 3x; (3.5)
For an isotropic aquifer % has only one independent component
which is the commonly used hydraulic conductivity K.
In general Kijj and K are functions of coordinates, unless the

aquifer is homogeneous.

3.1.2 Equation based on Forchheimer Relationship

For three dimensional non-linear flow through anisotropic
media, equation 2.3 can be written ir the following vector differential
form

Jh=- (R+b|V]) ¥ (3.6)

== = . .
where 3 and b denote the two hydraulic resistance tensors, the com-~
ponents of which are ajj and bjj respectively. [V/] is the magnitude

1

of the velocity vector V and is given by |V| = (vivi)? (3.7)

In tensor subscript form equation (3.6) becomes

ah = 2s . 7.
Sx; - (215 * by Vi) v (3.8)

The components of the non-linear effective hydraulic conduct-
ivity tensor, Cjj are now defined by
Cij = 1/(ajj + bij 1VI) (3.9)
For isotropic aquifers, equation (3. 8) becomes

oh
d%i

= - (a+b|V])wvy (3.10°
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and equation (3.9) reduces to

C =1/ f(a+b \V'l-)-'. (‘3.11)
where C may be termed "the coefficient of non-linear effective
hydraulic conductivity''.

3.2 The Equation of Continﬁitl

3.2.1 General

Jacob was probably the first to congider flow in compressible
and elastic aquifers. His theory was finalised in an artiéle on
groundwater flow (Jacob 1950), and his éxpression for the storage
coefficient was not questioned for many years.

De Wiest (1966) criticised Jacob's derivation of the equation of
continuity on the basis that '"in one side of the equation the net in-
ward mass flux was calculated for a volumne eie’merit‘withou’tl deform-
ation while in the other side of the équation, to compute the rate of
change of the mass inside the volume element, the element itgelf
was deformed',

In a more rigorous analysis De Wiest arrived at the same final
expression for the equation of continuity as Jacob, although, in the
process he redefined the specific storage.

Cooper (1966) subsequently proceeded to rederive the flow equ-
ation for both fixed and deforming co-ordinates, showing that
Jacob's expressions for specific storage are correct if the vertical
z co-ordinate is considered to be a deforming co-ordinate.

More complex derivations of the equations governing flow in
porous media have been made. These have been reviewed and

combined into a detailed and coherent formulation by Bear (1972).
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However, Bear, like the majority of other workers, when applying
the equations to groundwater hydr_-ology, returns to a form of equation
identical to that originally proposed by Jacob (1950).

The contention over the precise definition of the storage co-
efficient in terms of the élastic properties of the medium and the
fluid seems trivial when in practical use the coefficient must be de-
termined by actual field experiments (such as pumping tests).

The approach taken in the following derivation is as rigorous
as necessary for practical application to well flow problems.

3. 2.2 Derivation of Continuity Equation

Consider an arbitrary cpntrol volume AY of the aquifer situated
in the flow field. The surface area of fhe closed boundary of AV
will be 4 A. The law of conserva’;ion of mass requires that the net
rate of mass of fluid entering the closed boundary of A¥ must be bal-
anced by the rate of accumulation of fluid mass within AV

The net rate of mass of water entering AA is

— | nj f; v dA

AA
wﬁere nj are the components of the unit outward normal vector of
the differential area dA, vij are the components of the velocity vector,
and f is the density of water.

Although the water is compressible, variations in density will
be neglected and the water will be assumed to be a homogeneous
fluid of constant density.

The rate of mass of water accumulation within AY is
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oM dvV
W
AV ot 4
Since mass is conserved
— n V; dA = M dV_ |
AA S Mf At AvY (3.12)

The surface integral may be transformed into a volume integral

by the divergence theorem and the terms rearranged to give

oV _
MJ D)axa t tm‘ ]CN - (3.13)

Since the choice of AV has been made arbitrarily, the inte-
grand in equation (3.13) must vanish. That is,

QUi _oM

ox; ot pav (3.14)
Following Jacob's (1950) theory for a compressible aquifer
medium, it may be shown that the rate of mass of water accumulated

and the rate of change of hydraulic head are related by

oM _ oh -
Py .PAV = Ss *-a‘{"’ {3.15)

where Sg, termed the specific storage of the aquifer is defined as
the volume of water released from storage in the aquifer per uunit
(bulk) volume of aquifer and per unit decline of head. In an inhomo-
geneous aquifer Ss may vary in space but it will be assumed constant
in time.

Combining equations (3.14) and (3. 15) yields the reguired con-

tinuity equation

Q)
=

dV; Se

e

£ (3.16)

(\W

3.3 The Governing Field Equations

The differential equation of motion describing water flow

through a particular porous medium has been shown in Chapter 2 to

ey
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fall into one of two classes which may be simply réferred to as
Darcy and non-linear flow.

3. 3.1 Field Equation for Darcy Flow

The Darcy differential equation of motion and the continuity
equation can be combined to give the second order linear field equ-
ation describing transient three dimensional Darcy flow in anisotropic
and inhomogeneous aquifer media.

Combining equations (3.5) and (3.16) leads to the required re-

sult, S N
K - S .9h, i
99%( 4 313) = T (3.17)
For isotropic and homogeneous aquifers, equation (3.17) re-
duces to
oh . oh :
E)JLL (K axt) - Ss ot - (3.18)

where the coefficient K is a constant.

Rearranging equation (3.18) results in

Bzh Ss oh

dx; EEY) - K ot (3.19)
3. 3.2 Field Equation for Non-linear Flow

The Forchheimer differential equation of motion when combined
with the continuity equation leads to the field equation for non-linear
three dimensional transient flow through anisotropic and inhomogen-

eous aquifer media.

Rearranging equation (3.8) leads to  _,
b | A b Y ._@_'_1_
Vi o= ( it byl l) dxi (3. 20)

Combining equation (3.20) and (3. 16) results in the field equa-

tion

-1
2 Loby (v} 2h = Soh (3.21)

*
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Solution of the non-linear anisotropic quation (3.21) is beyond
the scope of the present study. Ae‘:sumiﬁg:the aquifer to be isotropic -
1ead.s to a simplified non-linear field equsation involving only h as a
dependent vézﬁiable.

For isotropic aquifers, equation (3.8) reduces to

3h o _fa+blv] v
3 ( +b|V| (3.22)
Coniracting subscrlpt i gives
oh  oh (a+ bl\/l) |
e, x. (3.23)
The absolute hydraulic gradient is now defined as
V2
2h 2h 2h
Y ( 3% 2%: | (3.24)
Equation (3.24) can be rearranged to gwe
2h  oh ] t (3. 25)
dxe 9xi o4 .
Now
VeV = v | (3.26)

Substituting equatmn (3.25) and (3. 26) into equation (3.23)

(‘H'bl\/l) IVI (3.27)

’ b (3.28)

dh
YA

Solving for |Vl]gives

From equation (3.27)

l\/l/ g}? = 1/(a+b|\/|> (3.29)

Combining equations (3.22), (3.28) and (3.29) leads to

. . {—2h ai
vV “("é‘ii) /ZD : ]

Equatm"x (3.30) may now be substituted into the continuity equ- w

oh | _3___ (3.31)
24 | ot

gives

(3.30)

ation to give the required field equatlon

a \2 b
axt 2t 26) t a:n
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Equation (3.31) can be written ag

== (C ) = S 9“ (3.32a)

where
oh
= Zb /(2b /b L

L

Rationalizing the square root term in the expression for C re-

"1 [ / +b|ah|] . (3.32b)

C has previously been termed '"the coefficient of non-linear

sultis in

effective hydraulic conductivity'. (Section 3.1.2 and equation (3.11)

3.4 Initial and Boundary Conditions
A unique solufion to either of the general field equations (3.17)
or (3.31) can only be obtained when the initial and boundary conditions
of the flow domain are specified.
Certain types of initial and boundary conditions which are rel-
evant to well flow problems are now considered:

3.4.1 Initial Condition

Generally for transient well flow problems, the initial distrib-
ution of hydraulic head throughout the aquifer region is assumed to
be a presdribed function of co-ordinates.

The initial condition may he expressed as

| h{xj, 0) = hp(x{) (3.33)
within the closed region of the flow
hofxi) is the initial head distribution function.

3.4.2 Pervious Boundary Condition

Flux interchange between the flow system and its surroundings

is said to take place across pervious boundaries of the system. Two
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different conditions are likely to occur on pervious boundaries.

(2) Prescribed Flux or Flow Rate

"The prescribed flux" boundary condition arises when the flux
distribution on the boundary is known at any instant of time. '"'The
prescribed flow rate' boundary condition occurs when only the total
flow rate across the boundary is known as a function of time. These
two conditions may be expressed mathematically as follows:

Bl is the portion of a pervious boundary where the flux distrib-
ution or total flow rate is prescribed. If q denotes the preécribed in-
flow flux per unit area, then "the prescribed flux" condition is

VN, = Z? on B (3.34)
where vi and nj are the components of the velocity vector —\7 and the
outward normal vector of the boundary surface respectively.

If @ (t) denotes the prescribed flow rate at time t, "The pres-
cribed flow rate' condition is

Qr) = é(ﬂ across B (3. 35)

{b) Prescribed Head Condition

"The prescribed head" boundary condition arises when the dis-
tribution of hydraulic head on a pervious boundary is known at any in-
stant of time. It can be writien as

h = hon B2 (3.36)
where h denotes the prescribed head function aud B2 denotes the por-
tion of the boundary on which the head is prescribed.

3.4.3 Impervious Boundary Condition

Across impervious boundaries, the velocities normal to the

boundary surfaces are zero. The boundary is thus a streamline or

L5
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stream surface of the flow.
The boundary condition is given by
vinj = 0 on BC (3.37)
where B€ denotes the imperviousl boundary portion.

3,4.4 Free Surface

A free surface will be defined as a stream surface along which
the pressure is atmospileric, that is, a phreatic surface. Under
steady state conditions, neglecting the effects of the capillary zone,
two conditions are satisfied on the free surface.

The first condition is similar to that for an impervious boundary
in that no flow takes place across the free surface, viz.

vin; = 0 on B (3.38)

The second condition states. that the head must equal the elevation

of the free surface. Thus

h(xj) = zu(xl,xz) on Bf. (3.39)
where z (x1, x9) is the height of the free surface above the datum
plane at point (x1,x2),

Bf denoi'és the free surface boundary portion.

As the position of the free surface is not known a priori, it is
located by an iteration process based upon equation (3.39) during
the solution of unconf ined flow prroblems.

3.4.5 Seepage Face

In solving unconfined well flow problems, the presence of a vertical
seepage face at the well may be considered. The seepage face is located
along any exposed length of screen at the well, below the water table

and above the water level within the well. The boundary condition is
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similar to that for the free surface and can be written as
h(xj) = x3 on Bf

where B® denotes the seepage face boundary.

(3.40)

[
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- 4. Solution of Equations for Well Flow Problems

4,1 Introduction

Solutions of the govefﬁing field equations for well flow problems
can be made by techniques of analytical mathematics only in simplif-
ied cases. More complex problems can be solved by numerical
tééhniques involving the use of'digital computers. The numerical
methods of finite differencés and finite elements have been applied to
various groundwater problems. The relative merits of these two
methods are dependent upon the particular problem being solved and
the computer to be used.

The finite element method has advantages over the method of
finite differences in dealing with the complex boundary conditions and
possible anisotropy and inhomogeneity of aquifer media which common-
ly occur in practical well flow problems. A further advantage of the
finite element method is the ease with which the mesh may be refined
in critical regions of the flow such 'as those that ocecur in the vicinity
of a pumping well.

The finite element analysis of flow towards a pumped well is
developed in this chapter. Both Darcy flow and possible non-linear
flow as described by the Forchheimer expression are treated.

Anisotropy of the aquifer medium is only considered for the
Darcy flow case. The analysis of non-linear flow behaviour in ani-
sotropic aquifers involves complex non-linear velocity - hydraulic
gradient relationships, the theoretical basis and experimental verif-
ication of which have not been adequately established. Further re-
search is needed in developing an understanding of the behaviour of

the coefficients of the Forchheimer relationship for flow in aniso-
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tropic media,
Homogeneity within an individual finite element is assumed in
the analysis. However, there is no restriction on abrupt property "
changes from one element to the.next. Thﬁs, by suitable selection
of the finite element mesh, any overall aquifer inhomogeneity may
be treated.
The procedu_res for analysis of both steady state and transient
flow in confined aquifer system:s.are developed. For unconfined
aquifér systems, only steady state éolutions are presented.

4.2 General Statement of the Method of Finite Elements

The finits_e element method based on the principle of minimum
potential energy has proved to be highly efficient for the solution of
'boundary value problems. Basic finite element theory has been
well documeﬁfed by Zienkiewicz (1971), Only essential features
of the procedure will be recapitulated.

In Chapter 3, the equations needed to describe a range of well
flow problems involving possible non-linear flow behaviour were prec-
sented. The_ solution to a particular problem reduces to finding the
function h which satisfies the differential field equation and iﬁitial
boundary conditions.

An alternative approach is possible through the use of varia-
tional calculus (Fox, (1950}, Wienstock(1952)), A variational, extre-
mum -principle valid over the entire flow region is postulated and
the problem solution is transformed into finding the distribution of "
the function h which minimises the '"functional®, E, subject to the
same constraints of the flow system. The functional is defiﬁed by; a

suitable integration of the unknown quantities over the region.
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The two appfoaches are mathematically equivalent, an exact
solution of one being the solution of the other.

The method of finite differences attempfs a direct approximate
solution of the field equations and initial and boundary conditions.

An approximate solution for the variational presentation of the
problem can be obtained by the finite element method. The contin-
uous region of the flow system is subdivided into a finite number of
closed subregions termed 'finite elements'. The finite elements
are assumed to be interconnected at a discrete number of nodal points
situated on their boundaries. A chosen function uniquely delires the
hydraulic head distribution within an element in terms of its nodal
parameters, Each element contributes to the functional over the en-
tire flow region. The minimisation process is accomplished by eval-
uating the individual elemental contributions, adding all such contrib-
utions, differeﬁtiating the resulting functional with respect to the
nodal parameters and equating the differentials to zero. This pro-
cedure resulis in a system of simultaneous algebraic equations which
may be solved.by direct elimination and/or iterative techniques.

4,3 Variational Formulation of Well Flow Equations

Variational forms of the previously derived field equationé for
both Darcy and non-linear flow may be obtained by considering an
equivalent variational problem and employing the Euler equation from
the calculus of variations (Wienstock, (1952)).

As previously stated, (xi_, xy,X3) represents a right hand system
of Cartesian co-ordinate axes.

L.et h (Xi’ t) be an admissible function with second order space
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- and first order time derivatives which are continuous everywhere in
the flow region.

If at a particular instant in time the time derivatives of h and all
other parameters are treated as prescribed functions of the space co-
ordinates then Vthe general funct-ioﬁal to be minimised over the space
region R at that instant in time may be expressed as

3 f (%, h, 3 ayt’ :at )‘m b

R

The well-known Euler theorem states that if the functional (EY) is
to be minimised, then the necessary and sufficient condition for this
minimum to be reached is that the function h should satisfy the follow-

ing equation

(4. 2) s

2y " °

The previously derived field equations(Chapter 3) belong 10 one

2h 9x; 3(

of the classes of partial differential equations represented by eéuation
(4.2). By comparing the field equations with equation (4. 2) the ex-
pressions for function f may be found and hence the functionals.

The field equation for Darcy flow through anisotropic aquifer

media may be written as

37& K“o" 33(3) + SS ( ot | O {(4.3)
Comparing equations (4.2) and,(4 3) yields
f 2 Kia oxj dx; h (4.4) .

Hence the functional describing Darcy flow behaviour at an instant

in time is given by
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t 2h 2h dh
E =f[-'- . + S.h 2 ] / |
] 2 K‘J dx; dx; Sh ot AR (4.5)

The field equation describing non-linear flow through isotropic

aquifers (equation 3.31) may be rewritten as

-2 oo iz ey

Comparing equations (4.6) and (4. 2) yields

f.-a 2h +2bf‘:a\2 /b] + Sh (4.7)

ah ] + Ss at (4.6)

26124 Zb

Hence the functional describing non-linear flow behaviour at an in-

stant in time is given by

3/2
alahi 1 2b ‘ 1%—%‘/13} + Sshfg—-? }dR (4. 8)

The variational problem reduces to finding an admissible

function h that minimises the relévant functional over the region
whilst satisfying the boundary conditions.

The impervious boundary condition along BC is automatically
satisfied by function h minimising the functional. The admissible
function h may be chosen to automatically satisfy the prescribed head
and seepage face conditions on the B2 and B® portions of the entire
flow boundary. The boundary condition requirement along portion
B]L where the flux is pfescribed may be satisfied by the addition of
the term 1J’h a dB to the functional. a‘need not necessarily be
constant, ‘fut, in general may be a prescribed function of time. In
the finite element formulation of well flow problems to follow,

boundary conditions along BC, BZ, BS and B1 are all satisfied in the

above manner,
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The prescribed flow rate and free surface boundary conditions
sre specifically treated in sections 4.5. 6 and 4.6 respectively.

4.4 Subscript Notation

The fdllqwing subscript notation is adbpted in developing the |
general three dimens_ional finite el_e_ment formulation:
Both capital and small letter subscripts are uéed. The 'capital
letter sﬁbscript ref ers to a particular node belonging to either an
element or the entife flow region. The range of fhe subscript is
from one to the number of nodes 6h the élﬁe_merits;ﬁoundary, if refer-
ence is made to the element, or from o;‘le to the total number of
nodes, if reference is made to the entire flow region. The small
letter subscript refers to a parti_cular component along the co-
ordinate axis. Its range is from onle to three for the three-dimen-
sional space region. | ~
Repeated subscripts are iritérpfeted as summation over the

full range unless otherwise indicated.

4.5 Finite Element Analysis of Well Flow in Confined Aquifers

' 4,5,1 General
Consider the general problem of three dimensional transient
flow towards a pumped '.vvell penetrating a confined aquifer.
Congider a particular instant in time.
Let the flow region be divid;—:d into a network of interconnected

finite elements; the total number of nodes in the discretisation of the
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entire flow region be n, and the number of nodes situated on an individ-
ual element boundary be m.

The head distribution within each element may be approximated by
h(xe >t) = Nj(x) h;(f) (4.9)

where NI (xj) are piecewisely defined functions of coordinates
(x1,%92,x3) within the element, h{(t) are the nodal .values of h at the
particular time t and the repeated subscript I denotes summation over
the full range from 1 to m.

In the selection of shape functions (NI), care should be taken to
avoid any discontinuity of h arising between adjacent elements.

All elements are assembled through the specification of the re-
duced compatibility condition, which requires that the function h be the
same at coincident nodes of adjacent elements.

If E€ is the contribution of a typical element "e' to the function

ot
E = Z Ee (4.10)

e
the summation being taken over all the elements.

%t then

The minimisation process is best achieved by evaluating individual

element contributions and adding all such contributions and equating to

+ e
E" _ ;‘ PE _ o (4.11)

e

zero, Thus

for 1 = 1,n

2E®

ohy

This resulis in a banded matrix which has certain advantages as re-

Only elements adjacent to node I will contribute to

gards necessary computer storage and solution time.
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4,5.2 Element Matrix Formulation

The evaluation of elemental contributions will now be considered
for both Darcy and non-linear flow behaviour.

Equation (4.9) may be more simply written as

h = NI hI. (4.12)
It follows that
oh . N hy |
Idx DXy ' (4:,13)

Contracting subscript i gives

dh oh _ AN:p, ANy

(4.14)
dxi Ix; %X dxX¢
2
X oh 2h oh
N —_—1 = - 4,15
ov Y, I %L (@ 19)

Differentiating equation (4. 15) with respect to hy gives

2 _Qf:l._lz dh 9 ah) }%h, (4.16)
ohrl |94 dx; dhy\ 2%< o4

Also, from equation (4,13)

o () _ 2N, '
5h; (axc- = ox @17
Substituting equations (4.13) and (4.17) into equation (4. 16) results
: 3 oh ONsh INg '/I-fl'—l
sl [37]) == o / 52| .19
Since Nj are time invariant functions, it follows that
2 [ 2h\ _ N (4.19)
h Bhl( at) = /‘\/J.l']:r 7 = O
and
2h 2h  _ 2hy N N; (4.20)
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(a) Darcy flow - elemental contributions

The individual element function may be expressed as

E Rflz Kb‘;ghd aa:L+5 h2 _‘dR + ‘( q B (4.21)

where the second integral only apphes 1f the element has an external

boundary coincident with the prescribed flux boundary portion of the

overall flow region.

Differentiating equation (4.21) with respect to hy gives

=l 2h 2 [k ah 5, 2hdh ;)h
ohy e(%‘iaxj ahl(aace)"’ Bhl(&t 59t ()h dﬁ* ‘i b 4. 29)

Substituting equations (4.17), (4.19) and (4 20) into e j:ition

(4.22) gives,

JE* N, N sahNNM Ny dl8
oh; ﬂKaaxthafor Y d + R (4.23)

In matrix notation equation (4.23) may be written as

{%—} (6] §he +[D]{ (4.24)

where -_Q_Ef— h 1 _a-bi'
2hy . ot
e : e ’ e :
2ED_| | oh } _|
af | or| L]
2E° : oh,,
| 2hy, L] It
The element matrices [G]€, [D1° and EF? ¢ are definc:? by
[GJ j [5] [K] [5] AR (4. 25a)
[D] ( 5, [N] [N] (4. 25b)

{F?e ;}Jﬁ [N] AB (4. 25¢)
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It should be noted that the small letter s is not a 'small letter -
subscript' as defined by section 4.4. - Sg merely denotes the specific
storage of the aquifer and should not be confused with the matrix [S] ;

1

[s] T is the transpose of matrix [S]and is given by

— - T
B E Y T
T
17 = o fom - - -~ - =~ 2Ny foa .26)
W fos -~ - - - - - - ~Dhinfo
[K] is the hydraulic conductivity matrix, B
N : ]
_ K KIZ Kt.’; B
[kK] = |Ka Kea Kos (4.27)
K3 Kz Kas |

[N] is the shape function matrix,

[N] = [Np-----mmeomeeee- Ny ] o (4.28)

{b) Non-linear flow-element matrices

The individual element functional may be written as

Ee;f[_a ah]+2b§H lalv /}4,5 h2 }dﬂth A8 . 29)

where the second integral only applies to elements whose boundaries
fall upon the Bl boundary of the entire flow region.

Differentiating equatmn (4. 26) with respect to hI gives.

E 2h E)h 3 h'a S ')h ah dﬁ
+1,¢ q Z’hI ‘ZB . :
Substituting equations (4. 18), (4.19) and (4.20) into equation (4.30) 2

gives
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36

. 2
— oh | N, INy R
%f—:zgeﬁgﬁ‘*{(ab Vo 125 fof ] 31 Sl Sr he

In matrix notation equation (4. 31) may be written as

gah ? [61°gh + (o] E gF? .52

where all terms other than [G]e have been previously defined for the
Darcy flow case.

The matrix [G]e is defined by

[61" = f c [s][s] ar .

where C, the coeff1c1ent of non-linear effective hydraulic conductivity

has been pféviously defined in equation (3.32). An aliernative way of

writing C is = > '
a  Jas, [ 12h -
c =1 ”2 +/4 7‘“5_]92' ] - @3

where the term l ‘ may be evaluated b;y the followmg expression
i/z
l@h‘ = 2N 2Ny h, h {4:30)
I, i

4,5.3 Gross Matrix Formulation

Once again consider a particular instant in time.

The minimisation procedure requires the assembly of all the
differentials of EJC from individual finite elements and the equating o
the resulting expression to zero.

The resulting equaticﬁs for the whole flow gystem for both Darcy

and non-linear flow are respectively:

| [G] {h? [D]{ahg 53 =0 (4, 36)
and [G]Eh§+[DJ{ ? §F3 (4.37)
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- where the gross matrices are obtained by summation of element

matrices over all elements.

[GIJ‘] = / [ II]e (4. 38a)

[G’II] = Z_ [C’n ]e (4. 38b)
[Dr:] = Z [ DIT]E | (4.38¢)

(R] SHRT e

4.5.4 Transient flow - Solution Procedures

and —

i

]
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The time domain may be divided into a finite number of incre-
mental time steps. A step-by-step solution routine based on mid-
difference procedures is presented.

Let it be assumed that in the time interval At, the nodal values

of %h% vary linearly with time as shown in Rigure 4.1.

t t+Aty, t+ Ot

FICURE 4.1: VARIATION OF NODAL VALUES OVER At

B
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Then at the mid-point of t and t + 4 t,
ttatfe

t t+AL
ﬁhg = -ZL(Ehg +Eh3 ) (4.39a)
Matrices {Fg and [G] may both he functions of time, and the

following assumptions based on linear variation over the time step 41

will also be made,

{ gtMt/& == —-(/{Ff {F’&JrM) (4. 39D)

t+ a2

G| = %([G] +[G] ) (4.39¢)

At the mid point of the time interval ({, t+ A t) for non-linear flow,

equation 4,37) may be expressed as

a2 | trotf2 (hg gt Lratf2

[G] % +[D] + ?rg =0 (4,40

Rearranging equation (4, 39a),
tHalR

{hgwtzzg -—?h§ | (4,41)

e
Substituting equation (4. 41) into equation (4. 40), resulis in
t+af2 +atf2 tratf

4t 6] +[D] <h§ + 4t fFg _ [p1ShY

(4.42)

Equations (4.41) and (4. 42) provide suitable recurrence relations
for solution of the initial value problem. The solution starts at initial
time, t = 0, and proceeds in a step-wise manner. At the beginning of

i . ; t=0 cos e
the first time step, the nodal head values ghg are gspecified b - 1
initial conditions.

These values are substituted for {h% t in equation (4.42) and used

t+ At/2

to solve for {h} which may be substituted in equatien (4,41) to

evaluate {hg t+ AL e head values at the end of the time step. The



39.

currently obtained head values at the end of a time step may then be

used as the initial head values Eh% t for the following time step. L e
t +AL/2 .
For Darcy flow, [G] in equation (4,42) is replaced by

[ G] which is invariant in time,
L+ atp2 t+at/2

— t
;42}15.[6]+[D] §h§ + %ig;r? = [D]%% (4.43)
For steady state flow problems, equation (4.42) reduces to

[6]5he + gFg = O (4.44)
subject to the prevailing boundary conditions.

4.5.5 Jterative Solution of Non-linear Algebraic Equations

The set of simultaneous equations resulting from flow based on
Darcy's law are linear (equation 4.43) and may be solved by direct
Gaussian elimination. §

For non-linear flow, the analysis results in a system of non-
linear equations as described by equation (4, 42.).

The coefficients of matrix [G] thot/2 are dependent upon the
unknown values of head {h} trat/2 and as such they are not known
a priori, but fnust be evaluated by an iterative solution approach which
will now be outlined. |

To accelerate convergence of the iterative procedure, an over-
relaxation scheme is employed. | It is convenient to drop the t+ At/2
superscript and replace it by another superscript k which denotes an
iteration number.

An initial solution ihg k=0 is found assuming Darcy flow and

solving equation (4.43) wherein the evaluation of matrix [G7J is made

by assuming the hydraulic conductivitylX = 1/a. The values of

L
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ihi k=0 thus obtained are used to evaluate matrix [G] k=0 and the

resulting equation (4.42) may be solved for more accurate values of
{h} kil by direct Gaussian elimination.
Before starting the next iteration, the following over-relaxation

+
formula is used to modify $h% kA

§h§k+'=fh§k+ oc(éhikﬂ——%h%k) (4.45)
where O is the over-relaxation factor, having a value betweén 1
and 2. It was found that a value of OC between 1.5 and 1. 9 gave fast
convergence with only 4 or 5 iterations being required to achieve sat-
isfactory results. In general, the optimum value of OC tends to in-
crease with the total number of equatibns solved.

k+1

The modified values of $§h3 which become § h3 K for the

. . k .
next iteration are used to re-evaluate [G] and equation (4,42) can
. +1,
again be solved for more accurate values of Eh% kel
This process is repeated until the change in successive solutions

is within defined acceptable limits. The iteration scheme is said to

bave converged when the following criterion is satisfied,

An_ = max W nE | CE (4.46)
where  Ahpay denotes the maximum absolute difference in nodal
head values between successive iterations and E’H is the prescribed
head tolerance.

The accuracy of finite clement solutions improved as the pre-
scribed head tolerance was reduced. However, negligible improvg-

ment in solution accuracy was achieved by choosing values of EH less

than 1/200th of the well drawdown.
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4.5,6 Well Boundary Conditions for Transient Flow

In soliring problems of transient flow to a pumped well, iwo
types of well boundary condition are possible,

If the well is pumped in such a way that the water level in the
well remains constant, a constant prescribed head condition will re-
sult. In establishing such a condition, the fluid level in the well is
suddenly lowered and maintained at a certain elevafion throughout the
pumping operation. This condition occurs frequently in the oil in-
~ dustry but only rarely in water well applications.

A pumping operation that is more practical, easier to control,
and thus_widely used in field testing of groundwater aquifers is the
case where the total rate of discharge from the well is kept constant
throughout the pumping period. Under such circumstances the con-
dition of constant prescribed flow rate must be satislfied at the well
“ boundary. In the procedure described in this section the u;eil dis-
charge need not necessarily be constant, but may vary with time.

(i) Constant Prescribed Head Condition

The treatment of a constant prescribed head condition at the
" well boundary has been described for Darcy flow by J évandel and
Witherspoon (1968), A sgimilar procedure will now be presented
for non-linear flow.

Consider the typical pumped well shown in Figure 4.2,

The total number of nodes inA’she flow region is 'n'. Only nodes
which fall on the portion of the well boundary that is screened will
have head values that are congtant with time and equal to the water

level ahove the datum plane, H. Let the number of nodes situated on

L
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the well screen be 'p'.
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The prescribed head condition requires

iha% = %hoc%ﬂmlz i"\ocg  (4.48)

‘Now equation (4,47) may be simplified to:
¢ Yy t
4 (b D)l # [ulthd+ 08 = DomIShed o

and

(M I $Te b $T Tl om

Equation {4.49a) represents a set of (n-p) non-linear algebraic

/"-'_"\

equations which may be solved by the iterative procedure described in
Section 4.5.5. If required, the values of the flux at the nodal points
along the well screen can be calculated bj substituting the final solution
values of ih?’% into equation (4.49b) and solving for 55&

The total discharge from the aquifer into the well is then given by

F
Q = 2 FoC (4.50)
og=]

'(ii) Prescribed Flow Rate Condition

Available solutions for the controlled discharge pumping oper-
ation require that the total rate of discharge be maintained at a constant
value over the period of pumping. For these conditions, Javandel and
Witherspoon (1968) have pr_‘esented detailed procedures applicable to
numérieal.: solutions for Darcy flow. They treated both the simple
case where the total discharge is uniformly distributed along the well
screen, and the more general case of non-uniform flux distribution.

A more general procedure appiicable to non-linear flow will be
presented which merely requires that the variation in time of the total
rate of discharge be known over the pumping period. The flux distrik-

ution along the well boundary is rarely uniform and the prescribed flow
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rate condition for non-uniform flux will be treated by an iterative pro-
cess for each time step.

Previous solutions have assumed that the discharge pumped is
met fully by the aquifer. For short times after the start of pumping,
this can be quite misleading. The pump will draw mainly from the
water standing within the well during the initial stages of pumping. As
time incre;ases, the proportion of the total flow discharge contributed
by water standing within the well decreases whilst the discharge
supplied by the aquifer increases. The effects of well storage will be
iﬁciuded in the analysis.

Again consider the typical well shown in Figure 4,2, When the
flow rate is prescribed, the water level in the well will not be constant
but must vary with time.

The head values of nodes along the well screen at time t+ atl2

may be written as
tiatfz {1642 H:Mt/z H{:+At/2
1 =M = -r-e---=0p = (4.51)

where Ht+ At/2

is the unknown height of the water level in the well
at time t + At/2.
For a particular time step, let th+1 and tn denote the current

and preceding times respectively, and let the mid-time be denoted

= 1
tn+'—2 2 (tn+1+th> (4.52)

The total discharge is assumed to vary linearly within each time

by th+i where

step. The mid-time value of the prescribed discharge Q (ty+1) can be

written in terms of the current and preceding values as

Qltuy) = ( At )+ Altn) (4.53)
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The level of water in the well, Hlty4l), required to satisfy the

total flow rate @ (tp+1) may be found by the following iterative scheme.
For the first iteration, j = 1, an initial estimate of the value of

H(tn+l) is made from

) [l ) -

> 2
The initial estimate for the first two time steps is made from

Hi(tmg = H(fn) + AH (4.55)

forn = 0,1
where the value of AH is selected from experience.
The discharge contributed by water standing within the well is
assumed constant over the time step. If ij (tn+1) denotes the dis-
charge derived from well storage during the time step, then

Qi (ﬁMQ =A%) ‘:H}(tmg —H (th\] ~ (4.562)

where )\(t) is a constant for the time step given by

M) = ~—27T1,f/(tm1 - fn) | (4.56b)

and ry, is the well radius.

The trial value of HJ (tn+) is used in solving equations (4.49a)
and (4.49b) for the unknown nodal heads throughout the region and the
flux values at the well respectively. The discharge c;ontributed by the
aquifer Qaj (tn+%) is then obtained by summation of the nodal flux values
along the well screen (see equation 4,50),

The total discharge Qj (t,;.;.%.) given by

Qf k) = Qltnss)+ Q% (tnss) (.57

may be compared with the prescribed discharge Q (tn4l)e




46.

* {a"‘ﬁ@»é@@ G tnn)| > Ea

(4.58)

where 6@: is the prescribed tolerance for the discharge ratio, a new

trial head value is calculated from

Hzén*é)= H &n)'!' gHi(me- Hﬁn)}a(fmg / Qi[ fn+zi) (4.59)

Solution for the unknown nodal head and flux values is then re-
peated and the aquifer discharge i-ecalculated, added to the new well
storage discharge and the total discharge retested for convergence in
equation (4.58).

If convergence is still not obtained, the following formula is
applied

W= e (a-af) B(t)+(@i~d§1)/(H}?H}'1)]F a0

or }}3‘
where the (tp41)notation has been dropped from all terms in which it

occurs.

The process is repeated until a value of water level in the well
1 (th+1) is found for which the prescribed total rate of flow Q (thq1)
is satisfied.

The above iteration procedure was found to give quite satisfactory
results when a discharge ratio tolerance faof 5 per cent was chosen.
For earlier times the convergence criterion was satisfied after a I~w
iterations. For later times, convergence often resulted after only
one iteration.

The effects of well storage me;y be excluded from the analysis
merely by equating /\(t) to zero.

The same general approach may be adopted in treating the sim-
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pler case of Darcy flow. The nodal flux values at the well used to
evaluate the aquifer discharge are more simply found by solving the
sets of linear equations formed when [G] is replaced by [.(..-}Jin equations
(4.49a) aﬁd (4.49b). For the Darcy flow case convergence to the pres-
cribed discharge is guaranteed within three iterations for all time
steps irrespective of the choice of (_C,Q (assuming that the chosen tol-
erance is not so small that computer roundoff errors affect the results).
4.5.7 Elimination Scheme - Solution of a System of Lineay

Equations '
For Darcy flow the resulting set of simultaneous equations are

linear (equation 4.43). Consideration of non-linear flow behaviour
leads to a system of non-linear algebraic equations which can be re-
duced to a set of linear equé.tions by the iterative technique described
in Section 4.5.,5,

A banded Gaussian elimination scheme is used to solve for the
unknown nodal head values in the resultant linear systenﬁ of equations.
The scheme takes into account the banded character and symmetry cf
the grosé matrices [G] or [E}] and [Dl, The process of elimination
is achieved by reducing the system of equations to an equivalent tri-
angular form through a series of arithmetic operations on the equation
coefficients. Then starfing from the last equation, the last unknown
is solved and the remaining unknowns are found by back substitution in
the preceding equations. &

Due to symmetry of matrices [G] or [6] and [D], it is only nec-
essary to operate on the terms in their upper triangles. By rumber-
ing the nodes of the entire flow region consecutively from bottom to top

‘of the aquifer along vertical lines of the discretisation mesh, the
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abovementioned symmetric gross matrices are also arranged in a
compact banded form. The half-band width of each matrix is com-
puted as the length between the diagonal term and the last non-zero
term in each row. The [G] or ['C'}]and D] matriceé are con-
verted into gross vectors by stringing together the half-bands of all
successive rows. This conversion greatly reduces the storage re-
quirements of the gross matrices. Furthermore, the solution time
is reduced due to the smaller number of arithmetic opérations re-
quired.

4.6 Finite Element Analysis of Steady State Well Flow in
Unconfined Aquifers - o

In this section, the finite element formulation for general
three-dimensional steady state flow to a well in an unconfined aquifer
is presented. The task is greatly simplified since much of the form-
ulation previously plresented in Section 4.5 dealing with confined
aquifer flows is equally applicable t6 the unconfined aquifer problems.
In fact, further specific attention is only required to provide a method
of locating the a priori unknown free surface and so satisfy the free
surface, Bf. boundary conditions discussed in Section 73. 4.4, The
effects of a capillary fringe above the free surface are neglected.

The iteration scheme by which the finite element solution of
the problem is formulated may be described as follows:-

Step (1): An initial trial free surface is assumed.

Step (2): The bounded flow region so defined is divided into a
network of finite elements. Individual elementi matrices are gen-

erated and assembled to obtain the gross matrix equations for the
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flow behaviour within the region. The procedures employed are sim-
ilar to those described for confined aquifers in Sections 4.5.1, 4.5.2
and 4.5.3. Since only steady flow is being considered, terms involv-
ing the time dimension are ignored. The resulting equations for

Darcy and non-linear flow are respectively
[C:]{h}+ {F} = 0 (4. 61)
[c1{nt+{rl = o

where all matrix terms have been previously defined. The head

{4.62)

values throughout the entire trial flow region are found by solving

equations (4.61) or (4.62) by the methods outlined in Sections 4.5.5 and

4.5.7. Treatment of the boundary conditions along portions Bc, B2

and BS has been described in Section 4. 3.

Step (3): The trial free surface position is _checked to ensure

that c
| h_z\ < & on B (4.63)

where E-F is the prescribed tolerance of the free surface height. If

condition (4.63) is not satisfied everywhere upon the free surface,

then a new trial free surface is generated according to

Zip = F t w[hk—zk :\ (4.64)

where subscript k denotes the k~th iteration and W is an over-
relaxation factor.
Solution for the flow region defined by the new trial free surface

proceeds from Step 2.

L&

Step (4): The cycle is continued until the condition of equation
(4.63) is satisfied. At this stage the head distribution throughout the

aquifer satisfies all boundary conditions including those specifically
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given in equations (3,38) and (3.39) for the conditions along the free
surface boundary portion Bf. Once the nodal head values throughout
the finalised flow region have been found the discharge flux values at
the well and hence total well discharge may be evaluated.

It was found that values of UJ between 1.0 and 1.4 gave fast con-
vergence, only 3 or 4 iterations being required to achieve satisfactory
results. Difficulties arose with higher values of W due to over-
adjustment of the free surface.

Solution accuracy improved as the prescribed value of Ef wase
reduced., High accuracy sblutions were achieved with values
0.005h, < ef < 0.001 hy. hg is the undisturbed original height of
the water table above the aquifer base.

4.7 Finite Elements for Axisymmetric Well Flow Problems

In previous sections the finite element formulation has been pre-
sented as a general procedure applicable to three-dimensional well
flow problems. The flow to a well in many practical instances may
be described as being axisymmetric. For such cases, the element
matrix formulation may be simplified by employing the cylindrical
co-ordinate system (r, z). The entire flow region may be subdivided
into a finite number of ring elements concentric about the vertical axis
of the well. The elements are readily generated by revolving plane
clemental sections about the z axis. A typical triangular ring element

is shown in Figure 4.3.
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Y

O

FIGURE 4-3: A TRIANGULAR RING ELEMENT

The evaluation of element matrices for the ring elements formed
by revolving the various plane figures shown in Figure 4.4 is prescnied

in Appendix 1,

(@ | (b)
(c) (d)

FIGURE 4-4: FINITE ELEMENT PLANE SECTIONS

6
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The simple linear triangular element has been used extensively
in the solution of various field problems reported in the literature.
The increasingly higher order elements shown in Figures 4. 4(b), (c}
and (d) belong to the family of curved isoparametric quadrilaterals
described by Ergatoudis et al (1968).

Trials were undertaken to establish the most suitable elements
for use in the axisymmetric well flow problems to be investigated by
the author. The results are discussed below.

(i) Accuracy

In well flow problems, the network nodal spacing at the well,

Ar 1* was found to be the controlling factor in determining the accuracy
of a particular finite element solution. For coarse nodal networks,
considerable improvement in solution accuracy resulted from using
higher order elements, However, for fine nodal networks in which

Arl wasg equal to or less than the well diameter, very little improve-

ment in accuracy was achieved by employing higher order elements,

{ii) Equation solution time

In the banded Gaussian elimination scheme described in Section
4.5, 7 for the solution of the resulting set of simultaneous equations,
the solution time is approximately proportional to n’oz where n is the
total number of equations (network nodes) and b is the band width
within the equivalent triangular form of the assembled gross matrix
(Zienkiewicz (1971) ). For reasonably accurate finite element
solutions, the overall effect of using higher order elements was to
increase the equation solution time, no doubt due to the larger band

widths encountered. For equal nodal spacing at the well { A1) <\&fe11



53.

diameter) the solution of equations was found to take approximately
twice as long when using parabolic or cubic quadrilateral elements as
when using linear quadrilateral or iriangular elements.

(iii) Element matrix generation

A factor militating againét the use of higher order elements is
the disproportionate increase in computer time required in deriving
the elemental matrices. The evaluation of triangular element matrices
is relatively direct and requires little computer time. In contrast,
exacl integration of the expressions for the matrices of general dis-
torted quadrilateral eiements is not feasible and numerical integration
must be used. The procedures for numerical evaluation of the
elemental mairices by use of the Gaussian quadrature formula have
been described by Zienkiewicz (1971). The formulation of a quadril- W
ateral element matrix by application of the 9-poini Gaussian quad-
rature formula was found to take about 5 times longer than the gen-
eration of a iriangular element matrix. For the special case where
the guadrilateral element becomes a rectangular element, the need
for numerical Gaussian integration was eliminated (see Appendix 1. 3).
The time for generation of a rectangular element matrix was found to
be only slightly more than that for a linear triangular element matrix.

(iv) Data preparation

Since a wide range of well flow problems was to be examined,
it was decided quite early that automatic mesh generation subroutines

should be included in the finite element computer programs to be =

developed. Automatic generation of finite element networks nullifies




54, .
one of the major advantages so commonly afforded by the use of higher

order elements, viz., the cansiderable reduction in data preparation.

(v) Network refinement

Refinement of the finite element mesh in regions known to be
critical is easily accomplished by using simple triangular elements,
whereas certain difficulties may be encountered with quadrilateral
elements due to the introduction of floating nodes (Barry (1974) ).

In almost every aspect pertaining to programming efficiency,
the gsimple linear triangular and rectangular ring elements were sup-
erior to the higher order elements for the axisymmetric well flow
problems under investigation. The rectangular element was marg-
inally superior to the triangular element in regard to solution accurecy
and ease of automatic mesh generation but was marginally inferior in
regard to equation solution and matrix formulation times.In the num-
erical solution of well flow problems to follow, finite element networks
incorporating only linear rectangular and triangular ring elements are
used to discretize the flow domain. For confined aquifer problems, the
bulk of the mesh is composed of rectangular ring elements and tri-
angular ring elements are only used in areas where the mesh gradation
changes (see Figure 5.6). TFor unconfined aquifers, triangular rin:
elements are used exclusively (see Figure 5.27).

In general, analytical solutions can be found for problems of one-
dimensional radial flow towards a well. Although the necessity for
numerical solutions of such problems does not exist, one-dimensional

finite element solutions may be usefully compared with the exact an-
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alytical expressions as a check upon the more general three-dimensional
finite element formulation. The evaluation of matrices for one-

dimensional isoparametric ring elements is presented in Appendix 1.4.

&2
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5. Solutions to Typical Steady Well Flow Problems

5.1 General

A number of computer programs were developed by applying the
theory and finite element formulation presented in the preceding chapt-
ers. These programs, coded ih FORTRAN IV language were used to
solve a wide range of steady state well flow problems which were pre-
viously insoluble by analytical techniques, The solutions presented
in this chapter incorporate Darcy and non-linear behaviour for {low
to wells in confined and unconfined aquifers subject to a variety of
different conditions.‘

The grouping of the relevant systiem variables into dimension-
less parameters has been used extensively.in simplifying the present-
ation of results.

Many of the results of this chapter form the basis for the de-
tailed discussion given in Chapter 8 regarding the hydraulic aspects
of well design.

The finite element computer programs were verified by com-
parison with either known analytical solutions, analogous electro-
lytic tank results, or experimental results from a large scale sand-
box type model.

Guide lines for the selection of a finite element network 1o
solve a particular problem within certain limits of accuracy are
given.

In all cases the aquifer material is assumed 1o be isotropic ui-
less specifically stated otherwise. FIor rcasons previously declared,

non-linear anisotropic behaviour has not been considered in this
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thesis. Anisbtropic Darcy flow problems may be treated by the
commonly employed technigues of co-ordinate transformation fo an

equivalent isotropic pf"oblem.

5.2 Fully Séreéneé Well in an Homogeneous Confined Aquifer

5.2.1 _C_%_e_:_lgeral' '

Consider the stéady state behaviour of a well fully screened
through the entire thickness of a confined aquifer being pumped at a

digcharge Q as shown in Figure 5.1. The flow will be radial one-

dimensional everywhere.
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If the flow through the aquifer material obeys Darcy's law then
the established Thiem equation accurately describes the behaviour of
the system,

Q = Zﬁkﬂ?(ho"/’l )/'ﬁﬂ(’;/"k) (5.1)

where K is the hydraulic conductivity defined by Darcy's law,
Vo= —K &

T (5.2)

Engelund ( (1953), p.49-53)first presented an analytical ex-
pression for the well discha?ge-drawdown relationship for a system
in which both Darcy and non-linear flow (as described by the
Forchheimer equation ) could occur..

In Chapter 2 a Forchheimer relationship was shown to be a good
representation of the non-linear material flow behaviour which occurs
when ther upper limits of validity of Darcy's law are exceeded., A
single Forchheimer non-linear expression was shown to accﬁra‘cely
predict the flow behaviour over a wide range of velécities including
those low enough to be normally described by Darcy's law.

In a manner similar to that presented by Engelund, it can be
shown that the radial distribution of drawdown for wholly non-linear
Forchheimer flow is given by, 2 |

s=hrh= 2%% bn(if7) + b(é%m) (-11: - ,,%;) (5. 3)
where a, b are the Forchheimer equation coefficients relating vel-

ocity and hydraulic gradient,

— _db_ = aV + lavz (5. 4)
e
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5.2.2 Dimensionless Parameters for Non-~Linear Flow

Equation (5. 3) may be rearranged to yield

1o
_%E.g_i = da(n)T) + o.erm’io (,,- - 1) (5.5)

In equation (5.5) the radial distribution of drawdown is fully des-

cribed by the use of three dimensionless terms, i.e

T 2 almmT; (5. 6)

where @ indicates the existence of a function,

From equation (5.5) the well drawdovwn-~-discharge relationship

may be written as
2 - 2 )= i) rR (B-1)

Applying the rules of dimensional analysis for combining terms,

it can be shown that the following alternative sets of dimensionless
terms may be used to describe the well discharge-drawdown relation-

ship for one-dimensional non-linear flow,

¢€Zﬁmsw’ To ba 7 _ o

aQ Tw a2rmTs § T (5. 8a)
2rrmsw \ 7o ___E.).Q__ = O
c1>{ 7w a2mrmTi (5. 8b)
7o bs _
¢{ 2rnmsw ., ol az'maw ? = O (5. 8¢)

It is important to note that the non-linear material characteristics
(2 and b) are not isolated in a dimensionless term excluding all other

variables. Rather, the measure of degree of non-linearity is in
bsw .. _ba '
&t alnmi,
phasised in Chapter 8.

terms of . The importance of these terms is em-

A very useful dimensionless term may be found to replace
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AMMNSw iy the following manner

a .
2MmMSey = LMMSa_ gz To/70) _ -r N
a@ aﬁn('ao/vw) Q /n('/a/ ) (5. 9)

where QT would be the discharge from the well if fully screened and
the flow behaviour was fully described by Darcy's law. Qp will be

given by the Thiem equation,

Q, = 2m<msw/4n (/%) (.102)
with K = i/a (5.10b)

(Note: At low flow velocities the sz term of the Forchheimer equation
(equation 5. 4) becomes negligible and the Forchheimer equation becomes
Darcy's law with K = 1/a).

Combining equations (5.8c), (5.9), (5.10a) and (5.10b) gives

¢{ e IZS“’ _?"‘ o (5.11)
QT Tw a7

Equation (5.11) represents a most useful grouping of dimensionless

terms. Q/Qg is a measure of the deviation from Darcy flow be-

haviour for a specified geometry (ry/ry) due to a specified degree of
. b sw
2 7.
a 7w
For one dimensional non-linear flow, the variation of Q/ QT with

non-linearity as measured by the term

bswlazrw for different specific values of ro/rw is presented in Figure
5.2, Thé evaluation of the curves is based on direct solution of

equation (5.7) in the form of equation (5,8a) and the subsequent comb-
ination and conversion of the dimensionless terms to the more appro-

priate set used in Figure 5,2 and described by equation (5.11).
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5.2,3 Non-linear Flow. Finite Element Solution

To verify the finite element analysis of the flow problem, four
steady flow cases as described below were solved using a finite
element program incorporating three noded one-dimensional iso-

parametric ring elements.

Problem Data for Steady Non-linear Flow to a Fully
Screened Well in a Confined Aquifer.

Well radius, ry = 1
Radius of Influence, ro * 100
Aquifer Thickness, m = 10
Problem No. Material Non- Well Dis- by
linear charge T
Flow' Cohstants o
a b Q
1 1 0 62.83 0 (Darcy)
2 1 1 62.83 . 0.01
3 1 5 62.83 : 0.05
4 1 10 62.83 0.10

A finite element network similar to Figure 5.3 consisting of 6
elements and 13 nodes was used to solve the four problems. The an-
alytical solutions based on equation (5.5) for the same four problems
were evaluated.

Figure 5.4 shows the comparison of the finite element and the
analytical solutions for the dimensionless radial distribution of draw-
down. It can be seen that excellent agreement between the two solu-
tions was achieved. |

5.2.4 One Dimensional Finite Element Network Selection

A general one-dimensional finife element network is shown in

Figure 5.3. As shown, the one-dimensional flow region is divided
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into a number of line segments, each of which is further subdivided
into a number of 3 noded isoparametric elements. The length of
each line seg_m'ent is Arj and the nﬁmber of elements per line seg-
ment is Ej. Based on program accuracy tests, several guidelines
for selection of a network to give an accurate solution may be given:
(i} The length of elements neér the well should be at the
most equal to the wéll diameter and preferably egual
to the well radius or smaller.
(ii) The selection of the length of and the ‘number of elements
per line segment should be such that the radijal positiorr

ing of the network nodes is approximately evenly spread

logarithmically.

5.3 Partially Screened Well in an Homogeneous Confined Aquifer

5.3.1 General

Consider the steady state behaviour of a well which screens
only a portion of the thickness of a confined aquifer and which is being
pumped at a discharge Q (see Figure 5.5).

Near the well the flow will be two-dimensional axisymmetric,
As distance from the well incféases the effect of partial screening
upon the flow diminishes until the flow becomes essentially radial
one-dimensicnal.

Although the screened portion is shown in Figure 5.5 in the
Jower section of the aquifer, it should be recognised that solutions

obtained for such a case are equally applicable to screening the upper

section of the aquifer.
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Approximate analytical solutions for problems involving
steady Darcy flow of partially screened confined aquifers have been
presented by various workers, the most notable being Kozeny (1933),
Muskat (1937) and Polubarinova - Kochina (1951). Most approx-
imate theories are based on the assumption of a specified distribution
of flux over the screen length, usually uniform. This can be quite
erroneous as will be demonstrated later,

Only Kirkham (1859) presented an exact theory satisfying proper
boundary conditions (specifically constant head at the well). However,
for practical problems his solution is quite laborious to apply and con-
verges slowly.

No analytical solution exists for the problem of steady state,

non-linear flow towards a partially screened well in a confined
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aquifer. Because-of the difficulty of handling the non-linear flow
equation it is unlikely that a solution will be developed in the near
. oo
future.
5.3.2 Dimensionless Parameters

]

The techniques of dimensional analysis were applied to the prob-

lem variables to obtain the relevant groupings of non-dimensional
terms necessary for a thorough description of the two~dimensional
axisymmetric flow behaviour within a partially screened aquifer
system.

Di'a.rcz Flow

In cases involving the distribution of drawdown for two-dimension-
al flow an appropriate presentation ig in terms of contours of draw-
down. For Darcy flow dirnenéional analysis yields the'following e;x-
pression for the drawdown distribution

TEIENEIERET | |
Sw T m T, " om m (5.12)

The dimensionless well drawdown-discharge relationship has the

¢§‘_@,,m,)’f;,jsg:o ;
QU T m m {(5.13)

2rkms,,

where Q; W is the flow that would occur if the aquifer were

form

fully screened. Q/QT is only dependent on the relative geometry of
the problem in question.

Non-Linear Flow

In the dimensionless presentaticn for non-linear behaviour
it was proposed that a single term be used to describe the non-
linear flow effects. As for the one-dimensional non-linear flow case

2 . .
{(Section 5.2.2) the proposed term is bsg/a ry. This term is a com-
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bination of the two separate terms b/ a? and sw/Tyw which are indicated
by a dimensional analysis of the problem variables. The validity of
combining and replacing the individual dimensionless terms b/a2 and
sW/rW by the single term bsw/afa‘/; was demonstrated by a series of
tests using the finite element model. As in equations (5.8b) and (5. 8c)

an alternative to wa/ azi,:, would be ba

a2mrmiw
A complete description of the drawdown distribution and discharge-

drawdown relationship for non-linear flow may now be given by sets of

non-dimensional terms as follows:

¢ s,y z,m, %, L, bsy o ba E: ¢

Sw fw ™, M M T G2, a2amT (5.14)
¢ Qe 9 m ° To ° _'{5, s bSw ot __b__@__ ?:: O
Q. H m m a7 alrmiy (5.15)

where once again Q4 = 2mKm S, 41(7;/%;,) for K= 1/&

5.3.3 Finite Rlement Model Verification

Darcy Flow

The two-dimensional axisymmetric finite element program in-
corporating botl; rectangular and triangular ring elements for solving
Darcy flow problems was verified in the following manner.

A network of elements in which the radial spacing of nodes was
the same as that employed in the one-dimensional program verification
(Section 5.2.3) was found to give an identical solution to the dimension-
less distribution of drawdown for Darcy flow (bQ/&2ffm73 = O) for
the fully screened well problem previously solved and plotted in Figure

5.4, Thus the two dimensional program's ability to handle the simpli-

fied one-dimensional radial flow was demonstrated.
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To verify the program's ability to predict two-dimensional
Darcy flow behaviour, the partial screening problems dgscribed in
Table 5.1 were solved; in all six cases the finite element solutions *
compar‘ed favéu_rably with the analagous results derived from ex-
periments using an electrolytic tank apparatus which Vis fully des-
cribed in Appendix 2.

Table 5.1: Problem Data for Darcy Flow to Partially Screened
' Wells in a Confined Aquifer

Flow Case No. m/ry ro/m 1s/m
1 10 2 - 0.75

2 10 2 0.50

3 10 2 0.25

4 20/3 3 0.75

5 20/3 3 0.50

-6 20/3 3 0. 25

The network used in the finite element solution of flow cases 1

to 3 is shown in Figure 5.6. As shown in Figure 5.7 the finite element ~
solution for the dimensionless distribution of drawdown for flow case

9 is identical to the electrolytic tank model results except in the top

region of the aquifer close to the well, In this region, accurate pos-

jitioning of head contours is difficult in both the finite element and
. electrolytic tank solutions since the flow velocities and hydraulic

gradients are very small and the position of the drawdown contour may

vary considerably without affecting the overall flow system.

Non.-Linear Flow

The finite element model for Darcy flow was modified to solve
two dimensional flow problems involving non-linear flow as described
by the Forchheimer relationship. The verification of this modified

finite element analysis by comparison with experimental results is

presented in Chapter 7.
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5.3.4 Finite Element Network Selection - Confined Aquifer

Program trials have indicated the following guidelines regarding
the selection of appropriate two-dimensional axisymmetric networks for
confined aquifer problems. The notation is that given in Figure 5. 6.
(i) Elements in the vicinity of the well should be kept as "'square"
as possible. As the radial distance of an element from the well in-
creases the element may become more rectahgularly elongated up to
a limit where the radial to vertical side ratio does not exceed five,.

(ii) The spacing of the nodes in the region closest to the well (Ary)
exerts the major influence upon the accuracy of a sclution. The
accuracy achieved by a particular nodal spacing {( Ary) is dependent
upon the geometry of the problem being soived. Specific values for
the accuracy of various network refinements (as gauged by the nodal
spacing at the well, A rq) for a range of problems will be presented
later,

(iii) For regions close to the well, negligible improvement in acc-
uracy is achieved by increasing the number of elements in the radial

sense above three. Generally this may be stated as,
M; = 2or3for i {4 (5.16)

(iv) The radial positioning of nodes in the network should be approx-
imately logarithmically spaced.

5.3.5 Darcy Flow Solutions

Bearing in mind the network selection guidelines of section
5.3.4, the verified two-dimensional Darcy flow finite element program
was used to solve a wide range of partially screened confined aquifer

problems.
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The finite element solution model used over-estimates both the
discharge derived from an aquifer for a specified well drawdown and
the drawdown at any point within the flow region. As the finite element
network is refined the solution becomeé more accurate thus reducing
the over- estiméte in well dischafge and point drawdown. An accurate
solution for each problem was obtained by progressive refinement of
the finite element network until no significant‘ change in solution accu-
racy occurred with further refinement.

The percentage over-estimates of discharge for various network
refinements (as gauged by the nodal spacing at the well, A rl) for a
" range of partially screened confined aquifer systems are given in
Table 5.2. Table 5.2 cleafly indicates the network refinement re-
quired to solve a particular problem within specified limits of accuracy.

The accuracy of the drawdown at a particular location close to the
well for a given network and problem closely follows Table 5.2. The
over-estimate of drawdown steadily decreases from the values in-
dicated in Table 5.2 as radial distance from the well increases.

The finite element program results indicating the relative
effects of partially screened wells upon the Darcy flow performance
of various confined aquifer systems are presented in Table 5 3 and
Figure 5. 8.

The drawdown distribution for the Darcy flow problem
(m/ry = 10, ry/m = 10, Ig /m = 0.4) is shown in Figure 5. 8.

Typical distributions of the drawdown along both top and base
of an aquifer screened in the lower port_ion are given in Figure 5.10.

In all cases investigated the hydraulic head distribution was

characterized by the following significant features:-
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Table 5.2: Finite element errors in overestimation of well discharge-

Darcy flow to a partially screened well in a confined aquifer,

I‘o/m_ = 10

Tabulated values of percentage overestimate in discharge to the
nearest 1%

m/ry| Network nodal | Fully ly/m
~ spacing at Screened
well ( A ry) 1 0.8 0.6 0.4 0.2
10 2Ty 2.5 6.0 8.5 13.5 |24.5
'y 0.5 1.5 3.0 6.0 9.0
rw/2 0.0 0.5 1.0 2.5 4.0
ry /4 0.0 0.0 0.0 1.0 1.5
ry /8 0.0 0.0 0.0 0.5 1.0
20 dry 5.5 10,5 15.0 21.5 | 37.5
2ry 2.0 4.5 6.5 9.0 |16.5
rw 0.5 1.5 2.5 3.5 6.5
Tyl 2 0.0 0.5 1.0 1.5 3.0
ry /4 0.0 0.0 0.0 0.5 1.0
40 4ry, 3.5 6.0 8.5 12.5 [20.0
2ry, 1,0 1.5 2.0 4,0 7.0
rw 0-0 0.0 0-0 OaS 1-0
ry/2 0.0 0.0 0.0 0.5 1.0
80 8ryr 7.5 12,0 16. 0 21.5 [35.5
4r.y, 2.5 4,5 6.0 8.5 |15.0
2Ty 0.5 1.0 2.0 3.0 5.0
Ty 0.0 0.0 0.0 0.5 1.0
Table 5.3: Reduction in Performance of a Well in a Confined Aquifer
due to Partial Screening - Darcy Flow. || |l
Tabulated Values of Q/QT R R ‘i‘m
QT = Z#KmSw/].n( rolrw) i} /%/ _E;T,, \, | iY,
ro/m rri/rw 1g/m
0.2 0.4 0.6 0.8 1
10 10 .545 . 734 . 868 . 966 1.0
10 20 .483 .687 . 836 . 945 1.0
10 40 .448 .653 . 817 . 938 1.0
10 80 . 396 .613 . 785 .920 1.0
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(i) Two dimensional flow effects arising from the partial
screening were negligible beyond a radial distance from the well of
twice the aquifer thickness., The Thiem equation (5.1) accurately
described the flow for r  2m.

(ii) The flow was radially one- dimensional for z <15/2.

(iii) Within the flow region (r { 1s, z {1g/2) the expression

{8l ] ]

accurately predicted h-hyw with an error not exceeding 3%.
(iv) Near the well, the variation in head along the top of the

aquifér, (z=m) was small as the following equations demonstrate

h {r, z=m) — hiry, z=m) = € (5.18a)
€ was negligible for r < 0.2 (m-1g) (5.18Db)
€ < (hy-hy)/200 for r{0.4 (m-1g) (5.18c¢)

The distribution of discharge flux along the screen is'presented
in Figure 5,11 for several typical flow cases. In all problems solved
thé’ flux q equalled the uniform flux distribution value g™ = Q/1g at the
poéition 1/1g = 0.75 along the screen. For the most severe case ex-
amined (m/ry = 10, ro/m = 10, 1g/m = 0.2), the flux at the screen
extremity 1/1g = 1 was of the order of twice the uniform flux g*. In
general the distribution of flux along the screen became more uniform
with (i) increase in 1g/m. In the limit, for the fully screened

condition, 1g/m = 1, the distribution is uniform,

(ii) increase in m/ry,.
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The flux distributions for ro/m = 10 as shown in Figure 5. 11
are equally applicable for any larger radius of influence,

5.3.6 Non-linear Flow Solutior_ls

A wide range of problems involving non-linear flow in partially
screened confined aquifers was examined using the two-dimensional
finite element program.

In applying the finite element model the boundary condition at
the well was satisfied by fixing the water level and thus the drawdown
sw in the well. The inflow flux distribution and thus the total well
discharge were not known a priori and could only be evaluated after
the solution for the distribution of head within the aquifer had becn
found. Under such circumstances the _%?3&_ term in equations (5.14)

1"“,—
and (5.15) proved to be a far more practical measure of non-linear

bQ

az2wm Ty

after the basic problem has been solved.

effecfs than the term, the value of which is found only
The results of the finite element investigation of the effects of
non-linear flow upon the performance of partially screened wells in
confined aquifer systems are fully presented in Table 5.4 whilst the
resulis for.the typical case'(rri/r.\;v'—' 40.,ro/m=10) are shown in Fig.5.12.
‘The evaluation of the Q/QT values in Table 5.4 was accomplished
in the following manﬁer. To reduce computer time, networks with

nodal spacings at the well of ry/2, ry, ry,2r

w vere used for problems

having m/ry ratios of 10, 20, 40, 80 respectively. I the flow were
fully Darcy the errors involved for various partial screening ratios
(1s/m) would be given by Table 5.2. Let these percentage over-cstimates

be denoted by ei . The range of €, can be seen to vary from zero 1o a



Table 5.4: Effect of non-linear flow on well drawdown-discharge
- relationship - Partially screened confined aquifer.
Tabulated values of Q/Q Qm= 21 Kmsy and K = 1/a
, = e T T Tn(ro/ry)
m/ry | ro/m| bsg/ary B 1g/m
0.2 0.4 0.8 0.8 1.0
10 10. Darcy .55 .74 .87 .97 1
.25 :53 .72 | .88 .95 .99
.5 .51 .70 . 84 .94 .98
1 .48 .67 .82 . 92 .96
2 .44 .63 .78 . 88 .92
4 .38 .57 .71 .81 | .86
8 .32 .49 .62 .73 L7
12.5 .28 .43 .56 . 66 .71
25 .22 .35 .46 . 54 .59
50 .17 .27 .36 .44 .47
100 .13 .20 .28 .34 .37
200 .09 .15 .21 .25 .28
400 .07 11 .15 .19 .21
800 .05 .08 .11 .14 .15
20 10 | Darcy .48 .69 .84 .95 1
.25 .47 .67 .82 .93 .99
.5 .46 .66 .81 .92 .98
1 .44 .64 .79 .90 .96
2 .41 .61 .76 .88 .94
4 .36 .56 71 .83 .89
8 .31 .49 .63 .75 .81
12.5 .27 .44 .57 .69 .75
25 .22 .36 .48 .58 .64
50 .17 .28 .38 .47 .52
100 .12 .21 .29 . 36 .41
200 .09 .16 .22 .28 .31
400 .07 .12 .16 .21 .23
300 .05 .09 .12 .15 .17
40 10 | Darcy .45 .65 . 82 .94 1
.25 .44 .64 .81 .93 .99
.5 .43 .64 . 80 .93 .99
1 .42 .62 .79 .91 .97
2 .39 .59 .78 .89 .95
4 .36 .55 .72 . 84 .91
8 .31 .49 .65 LT .84
12.5 .28 .45 .80 .72 .78
25 .22 .37 .50 .62 .68
50 17 .29 .41 .50 .58
100 .13 .23 | .32 .40 .45
200 .10 .17 .24 .30 .34
400 .07 .13 .18 .23 .26
800 .05 .09 .13 .17 .19

¥
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Table 5.4 (cont'd.)

m/r r /m bs /azr 1 /m
w o w w s

0.2 0.4 0.6 0.8 1.0

80 10 Darcy .40 .61 .79 .92 1
.25 .39 .60 LT .91 .99

.9 .38 .80 i .90 .99

1 .37 .59 .76 .89 . 98

2 .35 .57 .73 .87 . 96

6.256 .30 .50 .66 .80 . 89

12.5 .28 .44 .59 .72 .81

25 21 .37 .50 .63 .71

50 .17 .30 .41 .52 . 60

100 .13 .23 .32 .41 .48

200 .09 1 .17 .25 .32 . 37

400 .07 .13 .18 .24 .28

800 .05 .09 . 14 .18 .21

wE
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tnaximum of 63% for the networks used.

With increasing non-linearity a particular finite element solution
based on a certain network becomes less accurate since the network
has {0 cope with steeper gradients. A measure of the further over-
es_timafe in discharge due to a specified degree of non-linearity
bsW/aer for given rolm, m/rW and chosen network was evaluated by
cofnparing the finite element discharge solution for the fully screened
case (1g/m = 1) with the equivalent analytical discharge value found
by solving equation (5.7). Let this percentage over-estimate error

be denoted by & Typical values of & o 88 found are given in Table

2.
5I 5.
If the finite element sd_lution discharge is denoted by Qprog then

the correéted value of discharge Q used in evaluating Q/QT in Table

5.4 was calculated using the expression

€ ) |-
Q= Qg [:(1+ rﬁ)(”gﬁ” (5.1

In several cases, including the more severe problems solved,
network refinement was carried out until accurate solutions were att-
ained. The resultant values of Q/Q agreed completely with those
found by applying the above correction procedures to coarser network
solutions. The values of Q/QT listed in Table 5.4 may be considered
reliable to the second decimal plac..

In all cases solved partial screening effects were negligible for
r 2 2m and beyond this distance from the well the flow was fully radial.
The effects of non-linear flow behaviour were negligible at r = ro = 10m

even for the extreme case of 'é‘tbi ! = 800. The flow could be described

W
by the Thiem equation (5.1) for Darcy flow (K = 1/a) for ~ > 10m.
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Table 5.5: Values of Percentage Over-estimate in Discharge
for Certain Networks - Fully Screened Wells and
Non-linear flow. -

Degree of Non-linearity

ofm | minw | Semori ol | The et

1 25 800
10 10 Tyl 2 0.5 1.0 1.0
10 20 ry { 0.5 1.5 2.5
10 40 ry 0.5 1.0 1.5
10 80 2y 0.5 3.0 6.5

The typical drawdown distribution shown in Figure 5. 13 for the
case (ro/m = 10, m/ry = 10, 1s/m = 0.4, bsW/a_er = 100) may be
. compared with the Darcy solution for the same geometry (Figure 5.9)
With increasing non-linearity drawdown contours move closer to the
well and the distance between contours near the well is reduced.
The distributions of drawdown along the base and top of the aqu-
ifer are shown in Figure 5.14 for some typical cases of non-linear
flow. As for the Darcy flow case, the drawdown distribution along
the bése of the aquifer was an accurate description for the drawdown
along any horizontal line within a depth of 50% of the screen length
from the base of the aquifer. Thus the flow within this zone was
effectively radial.
The effects of non-linearity on the flux distribution along the
screen are demonstrated in Figure 5.15. The flux distribution is
seen to become more uniform with increase in non-linearity as meas-
ured by bsw/azrw. As for the Darcy flow cases considered in - |
Section 5.3.5 the flux q equals the uniform distribution flux, q =Q /g,

at the position 1/1g = 0.75 along the screen. . The effects

on flux distribution of varying lg/m and m/ry were found to be the
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same as previously recorded for Darcy flow (Section 5.3.5).

ox

The resulis of this section describing non-linear flow to partially
scfeened wells in confined aquifers incorporate as special cases the
earlier work described in Sections 5.2 and 5.3.5. The fully

screened well case {1 /m=1) was analytically solved for both Darcy

bS\v

2
A Ty

partially screened well was solved in Section 5. 3. 5.

and non-linear flow in Section 5. 2. Darcy flow ( 0) to a

5.4 Multi- Layered Confined Aquifer Systems

Consider the problem of a well screened through a portion of o
confined aquifer which is made up of 'n' different material layers
as shown in Figure 5.16, Each individual material layer is assumed

to be both homogeneous and isotropic.
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Q:PJS I {
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FIGURE 5-16° WELL IN A MULTI-LAYERED CONFINED AQUIFER
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5.4,1 Darcy Flow - Fully Screecned

For the simplified case where all material layers are screened

and the flow within all layers obeys Darcy's law, the flow will be

everywhere radial under steady state pumping conditions. In such

circumstances the flow within each layer may be described by the
Thiem equation (equation (5.1) ) and the total well discharge evaluated

as the summation of the discharges from the individual layers;

(5.20a)

Qfofal = f-—g Q
o Zﬁ(ho"hw) Z‘ Kcmt ‘
-fn(’fa/ﬁu) o=t (5.20Db)

"i”

t

Q’+ofq |

where Kj i= the hydraulic conductivity of the th layer.

5.4.2 Non-linear Flow - Fully Screened

If the flow behaviour within any of the aquifer layers is non-
luleér, the flow will not be everyﬁrhere radial even for the fully
screened condition under consideration. Near the well, where nomn-
linear effects are more pronounced vertical flux exchange between
layers exhibiting different degrees of non-linear behaviour may occur,

An invéstigation of fully screened two-layered aquifer systems
involving non-linear flow in the upper layer was made using 4 finite
element model. The élement network was selected so that individual
element boundaries coincided with boundaries of aquifer inhomogeneity.
The appropriate material properties were then applied to individual
elements depending upon their position within the aquifer system.

Typical drawdown distributions from the computer resulis are

given in Figure 5.17. Vertical flow from the upper non-linear layer
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to the 10‘Wer‘ Darcy flow layer is cle.arly indica.ted by the curvature of
the drawdown contours as the well is approached. The deviation from
radial flow increases Wiﬂ’l poth the thickness and the degree of non-
linearity (bsy/ azrw) of the upper layer.

An approximate value for the total well discharge may be found
. by summing the individual layer discharge contributions as calculated

by assuming the flow to be everywhere radial, i.e.

1ofat SI Q (5.21a)
L=

where for Darcy flow layers
) )[4
Q; = 2K, m, (h h n 70/'w (5. 210

and for non-linear flow layers Qi"‘ is found i'rom,

pd
h~hy, = ‘“Q éﬂ(?o/fw) ! —--’~) o 210

{Zﬂ'm T 7o

The asterisk superscript is used in equation (5.21) to denote an
approximation based on the assﬁmption of radial flow.

The computer results indicated that the discharge contributions
from the non-linear and Darcy flow layers are respectively less than
and more than the discharge values calculated from equations (5.21c¢)
and (5.21b).

The approximate solution (Q*total) given by equations (5.71) wos
shown to underestimate the total well discharge (Qiotal):

if 64 denotes the percentage underestimate, then

e

& = 100 (Q MR (5.22)

- Q total

total total

Values of € for a typical two layered mixed flow aquifcr s, ilem

are given in Table 5. 6.
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Tébie 5.6: Percentage Underestimates for Total Well Discharge
Based on Radizl Flow Assumption. Typical Values.

Qiotal 7
‘_Jél Fully screened 15 = m
WA AT A . A
: :Layzr 2. Non-Linear My m/ry = 20,rg/m = 10
oy (gz,b2) , m
~— — . i Qe = 1/K
] A 1
y ilayer L (Darcy X)) mp
rardawid /J/ /J/ raEdrawiiridaa \
m/m (bsy/a2ry,) Value for Layer 2
2 1 10 100
25 0 1% 3.5%
.50 0 1.5% %
. 75 O 1 . 570 7 . 50/40

Computer results for a wide range of two-layered conditions
(10 < m/ry, £ 100, ro/m » 10, .2 ma/m £ .8) indicated that the
value -of é* would be negligible, less than 2% and less than_ 10% re-
spectively for values of the upper layer non-linear parameter
(bsw/azrw'r) less than 1, 10 and 100.
In the limiting cases where mz/m = 0 or 1 the problem reduces
to a single layer aquifer system involving fully radial Darcy or non-
linear ﬁow respectively. The flow behaviour within such systems
is fully described by equations (5.1 and (5. 3).

5,4,3 Darcy Flow in an Aquifer-Aquitard System

In multi-layered confined aquifer systems it is general practice
{o screen only the more permeable layers., The finite element pro-
gram was used to investigate the Darcy flow behaviour of an aquifer-
aquitard system as shown in Figure 5.18. The well is screencd

from the base to the top of the main aquifer and the entire system is
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confined by impermeable strata.
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FIGURE 5-18: WELL IN A CONFINED AQUIFER -
AQUITARD SYSTEM

Typical drawdown distributions from the computer results are
given in Figure 5. 19,

Typical well performance results are given in Table 5.7 in the
form of QIQI where Q1 is the discharge calculated by applying the
Thiem equation to the fully screened aquifer layer,

i.e. Q = 2T Km, Sw/1n (ro/ry,)
The case K9/K1i = 1 has been previously treated in Section

5.3.5 when partially screened homogeneous aquifer problems were

investigated.
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Table 5.7: Well Performance in an Aquifer-Aquitard ‘Syst‘em.

Darcy Flow - Aquifer Fully Screened.

Tabulated Values of Q/le Q, = 2T K, m, sw/ln (ro/r,)
m/ry =20 ro/m = 10
K2/K_1
mllm = lslm
' 1 .1 .01 . 001
<75 1.23 1.03 1.00 1.00
.50 1,54 1.06 1.00 1,00
.25 2,20 1,186 1,00 1,00

The results indicate that with increase in K1/K2 and mllm = 1g/m:
(i) the flow within the aquifer layer approaches the logarithmic
radial distribution described by the classical Thiem |
equation, and,
(11) the aquitard contribution to well discharge becomes small.

From a wide range of computed results (10 <m/ Ty < 100,

ro/m = 10, .2 <m1/m < .8), it was found that for values of

n:n II<;< 2"]' >10 flow through the aquitard may be ignored and the problem
effectively treated as the simplified case of a homogeneous fully screened

single layer aquifer of thickness mj and hydraulic conductivity Kj.
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5.5 Radial Inhomogeneity about a Well in a Confinéd Aquifer

5.5.1 General

. Field evidence has shown that well performance can be greatly
affected by permeability variations ﬂvhich‘occur ‘in a zone immediaiely
sﬁrrounding the well. - Near well aquifer inhbﬁlogeneity may occur
'natui-ally or may result from the drilling and completion of the well.

A1l drilling methods impair the ability of an aquifer to deliver
water t§ a completed well, Formation damage caused by the invasion
of foreign fluids and/or solids into the exposed aquifer is well recog-
nised as the main cause of reduced perfneability aroi_md awell, In
an experimental study of the effects of drilling rﬁuds on unconsolidated
aquifer materials, Dudgeon and Cox (1975) showed that both the radial
exfent and the severity of formation damage of the invaded zone may be
high, Within the invaded zone the damaged materiai was found to be
uniformly homogeneous.

“Well development and stimulation techniques are used in attempts
to remove drilling damage and/or to increase the permeability of the
material around the well. Under favourable conditions, continued
development of the well may lead to a zone of improved permeability
in the vicinity of the well,

A gravel pack is frequently used to act as a restraining filter
to prevent aquifer material from entering the screen or slotted
casing. If the gravel pack is selected and placed correctly, it will
behave as a zone of improved permeability.

Consider the general case of a well in a confined aquifer where

permeability variation occurs in a zone surrounding the well as

24
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shown in Figure 5.20, Both the original confined aquifer and the
affected zone of radial extent ra, are assumed to be homogeneous and

isotropic.

N
\“i.c _ N
I

hy
bk sl VI Y PN ] VRV B NI B W A 2 A A Y
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S m
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ud !
§2's ! }°r(°aabn) or (G5, bo)
1 '
| ]
ilfl(lftI)/////?//II//III//////k//f//*r
Tw % o

FIGURE 5-20: RADIAL INHOMOGENEITY ABOUT A WELL IN A |
CONFINED AQUIFER

5.5.2 Fully Screened Well

If the full depth of the aquifer is screened, the flow will be radisl
and analytical solutions may be derived for the effects of radial perm-
eability variations upon the performance of the well, whether the flow
behaviour be Darcy or non-linear,

A complete description of the flow behaviour in the system is
given by the following equations.

For the affected zone: ry { T é ry
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h=hy = ah(f/fw)/ 2rmKe

Darcy Flow

2mm T

For the unaffected original aquifer: rg \< r \< T'o

Darcy flow | ho"h = Qﬂn{ﬁ/f)/?rrm KO {(5.23¢)

Non-linear flow _ ‘ y U
h,—h = ao_Q_Zz@/'f)-F bo(——@-)(;";;) (5.234)

amrm 2mm

The subscripts 'o' and 'a' are used as pertaining to the original

aq{n'fer and affected zone materials respectively.

The effect of permeability variation upon well performance may

be simply stated in terms of the ratio of the productivity of the two
zone system (Q) fo the productivity from the original unaffected
aquifer systein {Qo) for the same well drawdown.

For Darcy flow within both the affected zone and the original

aquifer it can be readily shown that

Q/ Q,= éf:ﬁ?: 7@)/ [éfb(ﬂ/’@)*'&(f@/ "‘7")(—’{:-1)] (5.24)

where Q, = Zﬂ'/(o m (/’lo" hw)/éﬂ(ﬁ/fw)

Figure 5, 21 illustrates the effect of permeability variation and the
radius of the affected zone upon the performance of a well in a

typical fully screened aquifer where thé flow obeys Darcy's law

throughout, It can be seen that the discharge ratio may be substan-

tially reduced by serious permeability reduction (small values of

Ka/Ko) which needs only be restricted to a narrow zone (small ra/ Py)e

' Slight permeability reduction in a zone of greater extent may also

cause a significant decline in well performance. The improvement

- in well performance, due to a zone. of increased permeability of

specific radial extent {ra/rw), is seen to approach an upper limit at

(5.23a)

2
' 2] |
Non-linear flow h—hw""" ag;%—»&(rﬁ:")"' bﬁ-("")é‘i" = "') (5.23Db)

&
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large values of K5/Ko. Atlarge values of Kg/Kop equation (5.24) re-

afa, = da(afr) |4 (5/%) .

and the upper'limit for improvement in well performance is seen to

duces to

correspond to an effective increase in well radius to the radius of the
affected zone of increased permeability.

5.5,3 Partially Screened Well

Two-dimensional axisymmetric finite element programs were
used to investigate the effects of permeability variation on the per-
formance of partially screened wells. Analytical solutions do not
exist for such cases. The general problem is shown in Figure 5.20,

The change in well performance due to permeab_ility variation in
the vicinity of the partially screened well was measured by the ratio of
the two-zone discharge (Q) to the discharge from the original un-
affected aquifer system (Qo) for the same screening and well draw-
down. | ‘Values of Qg for partial screening of the original homogen-
eous aciuifer may be found from Tables 5.3 or 5.4 for Darcy or non-
linear flow behaviour fespectively.

Typical results from the computer investigation are given in
Table 5.8 and Figure 5.22 for problems in which the flow obeys
Darcy's law throughout the system. Well performance values
shown in Table 5.8 and Figure 5,22 for the simplified fully screened
case (1g/m = 1) were found from equation (5.24),

The results clearly indicate thaf the effects of permeability
variation upon well performance become more pronounced as the

partial screening ratio {1g/m) decreases. Interms of well design
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these findings are significant, Partial screening of an aquifer will
fherefore become feépectively iesé or more detrimental to well per-
formance according to the degree to which the pgrmeability within the
aff-.ected zone has Seen imprdved or reduced.
Table 5.8: Effect of Radial Inhomogeneity on Pérforﬁ;ance of a

Partially Screened Well in a Confined Aquifer -
Tabulated Values of Q/Q,. Darcy Flow. m/ry = 10.

I'Q/rw = 100
rafry | Ka/Kog lg/m

3 5 NG 1

11 - 100 2.85 2.37 2.15 ~2.06
10 2.46 2,14 © 1,97 1,88

5 2.09 1,89 1,78 1.71

5 100 2.14 1,78 - 1.61 1,53
10 1.92 1.6% 1,53 1.46

-5 1,72 1.54 1,45 1,39

2 100 1.63 1,37 1.25 1.17
10 1.45 1.30 1.22 1.16

5 1.36 1,24 1.18 1.14

1 1,00 ' 1,00 1.00 1,00

03 0063 0.68 0.71 0.74

.1 -~ 0,32 0.37 0.40 0.42

.03 0.12 0.14 0.16 0.17

.01 0.04 0.05 0.086 0.06

5.6 "Fingering'' Effects about a Well in a Confined Aquifer

Apparently uniform -homogeneous aquifers often contain thin bands
of low or high per_'meabﬂity material. These thin bands are not nec-
essarily continuous and are generally limited in areal extent. The
-normal techniques of analysing pump test resulis average the aquifer
properties over a large area and cé.nnot detect the presence of variable
bands of limited extent. Aquifer sampling during investigatory drilling, |
pafticularly'rotary drilling, r;1ay not detect thin bands of variable mat-
erial amidst a reasonably uniform aquifef layer. The producing well, when

completed in what is assumed to be a homogeneous aquifer, may in fact
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intersect one or more of such bands.
The improvement in well productivity resulting from a well in-
tersecting an axi- symmetric "finger' of high permeability material
was investigated using the developed finite element computer programs.
Consider the case of a fully screened well in a confined aquifer
shown in Figure 5.23. The well intersects a "'finger" of material.
more permeable than theibulk of the aquifer. The thickness and radial
extent of the 'finger'' are ms and rf respectiyely. The flow is assumed
to »obéy Darcy's law t_hrou_g‘hout_ the systemm. The hydraulic conductiv-

ities of the "finger' and the-aquifer are K¢ and Ko respectively.
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FIGURE 5-23: "FINGERING” EFFECTS ABOUT A WELL IN A
~ CONFINED AQUIFER
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' The improvement in well performance due to the "finger' was
gauged by the discharge ratio Q/Qg, where Q is the discharge from
the system including the "finger" and Qo represents the discharge

from the apparently homogeneous aquifer ignoring the "finger''.
i.e. Q,= Zﬂ'/(om(ho-hw)/ &t(‘i‘o 77»)

The well performance can be fully described by the following

"set of dimensionless parameters.

¢{ _@_,ﬂf-,ff-,..lgfc,majé?:o
Qa m fw I<o TW m

{5.26)

Accurate Q/Qg results from the computer investigation for a
range of the relevant controlling dimensionless parameters are pres-
ented in .Table 5.9. Values in Table 5.9 for the limiting cases of &
regular aquifer variability where rg/ry, = ro/ry, and mg/m = 1 were
calculated using the exact theory described in previous sections 5.4
and 5.5 for multi-layering and full -_d_"e__pth radial inhomogeneity respect-
ively.

The variation of Q/Qo with Kf/ Ko, mg/m and ri/ry, is shown
for some typical cases in Figure 5.24.

For values of r¢ < m, the well performance (Q/Qo) improved
with K¢/ Ko but reached an upper limit where, for larger values of
Kf/Kq, there was negligible further increase in Q/Qy. At the high .
values of 'finger'" permeability the flow resistance of the "finger' be-
comes relatively negligible and the '"finger' effectively becomes an
extension of the well itself,

The investigation clearly indicated the possibility of substantial

contributions to well performance arising from thin "fingers' of high




Table 5.9: Improvement in Performance of a Fully Screened Well
in a Confined Aquifer due to "Fingering'' Effects.

Tabulated Values of Q/Qoi Darcy Flow. ro/m = 2.
m/ryw | KiHKEy, re/ry my/m

: . - 1.0 0.5 0.2 0.1.
20 10 2 1.20 1.14 1.07 1.06
4 1.51 1.35 1.19 1.14

6 1.78 1.55 1.31 1.22

8 2.03 1.75 1.42 1.29

ro/ry 10 5.5 2.8 1.9

100 2 1.23 1.15 1.08 1.06

4 1.59 1.43 1.25 1.19

6 1.93 1.72 1.45 1.35

8 2.26 2.02 1.67 1.54

ro/ Ty 100 50.5 20.8 10.9

| 1000 2 1.23 1.186 1.08 1.07

- 4 1.60 1.44 1.26 1.20

6 1.94 1.74 1.47 1.38

8 2.29 2.06 1.71 1.59

ro/ Ty 1000 500. 5 200.8 100.9

10 10 2 1.26 1,18 1.08 1.06
: 4 1.71 1.45 1.24 1.18
6 2.17 1.84 1,45 1.30

8 2.67 2. 20 1.68 1.45

ro/ vy 10 5.5 2.8 1.9

100 2 1.30 1.19 1.10 1.07
’ 4 1.85 1.62 1.38 1.28

6 2.45 2. 20 1.81 1.65

8 3.20 2. 85 2.32 2.00

rol Ty 100 50. 5 20.8 10.9

1000 2 1.30 1,20 1.10 1.08
4 1.886 1.87 1.40 1.30

6 2.49 2.25 1.88 1.72
8 3.26 2.91 2.50 2.20

rol Ty 1000 500.5 200.8 100.9

5 10 2 1.37 1.25 T.13 1.07
4 2.18 1.83 1.45 1.30

6 3.34 2.55 1.75 1.45

8 5.34 3. 60 2.20 1.87

rol/ Ty 10 5.5 2.8 1.9

100 2 1.43 1.32 1.19 1.11

4 2.48 2.19 1.81 1.60

6 4.36 3.172 2.68 2.35

8 9.44 7.20 5.10 4,00

1 ro/rw 100 50.5 20. 8 10.9
w00 2 " 1.43 1.33 1.20 1.12

1 ~ 4 2.51 2.20 1.88 1.75

6 4,49 3.85 2.93 2.60

8 10.22 8. 00 6.20 5.30

o /ry 1000 500.5 200.8 100.9
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permeability mater'ia‘tl of limited radial extent.

In practice non-linear flow may occur close to the well within a
highly permeable "finger''. In such cases the improvement in well
performance would be less than the values indicated in Table 5.9
which assumed fhe flow to obey Darcy's law.

General solutions for the "finger' at the base of the aquifer shown
in Figure 5.23 are equally applicable to a "finger'' at the top of the
aguifer. Well performance improvement in more complex "finger''
probiems may be solved by superposition techniques as illustrated in

Figure 5.25. .

H Ko ml
m 7RI 777 ‘

i
W ; g e

+
3 ' (Q/Q‘-’)z

Ko

e — -

&

To K

ﬁ-,

Ko m,

|
!
|
]
i
"

Qa, = = (QR,), + = (YQ),

FIGURE 5-25. COMPLEX PROBLEM SOLUTION BY
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5.7 Partially Screened Well in an Unconfined Aquifer
5.7.1 General |
Exact analytica;l expressions for the flow behaviour around wells
in unconfined é.quifers are extremeljr difficult, ‘if not impossible, to
derive due to the complex boundary condition prevailing at the free
surface. |

The well-known and often used Dupuit equation,
2 2 ~)
'-‘o-h = Q—&’L(’&/T /1TK (5.27)

is an analytical solution based on the simplifying assumption that

the flow obey's Darcy's law and is everywhere radial within the
zone of influence (ry) of a well that is screened throughout the entire
original saturate& thickness (ho) of an unconfined aquifer. Muskat
(1946) and Boulton (1951) have shown that although equation (5.27)
closely represents the flow behaviour at r > 1.5 hg, it failé to rep-
resent the head distribution, (in particular the free surface) closer to
thé well. Based on experimental results, field experience and num-
erical analysis, various proposals have been made for the prediction
of the seepage height where the free surface strikes such a fully
screened well (Babbitt and Caldwell (1948), Boulton (1951), Hall {(1955)

Peterson (1957) ). The Dupuit equation for well-discharge

Q, = mk(k —*ﬁ)/gﬂ ( 7o/7) (5.28)

has been rigorously validated by both analytical procedures (Chapman
(1957) and Hantush (1964) )} and experimental investigations (Boulton
(1951), Hall (1955), The contribution to well discharge arising from

the existence of the capillary fringe above the phreatic surface has
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been investigated by Muskat (1946) and Hall (1955) for a fully screened

well, They proposed the following equations:-

- Muskat (1946) AQ/QO = hc/ (ho+|n“,) (5.29a)
Hall ~ (1955) AQ/Qo = hc/ 2hy (5.29b)

where .AQ is the wellt discharge coﬁtribution from the capillary fringe
and hc is- the average thickness of the capillary layer.

Wells in unconfined aquifers are rarely screened throughout the
full thickness of the aquifer and it is bad practice to dc; so since such
a procedure results in dewatering of the screen with attendant corro-
sion and encrustation problems. - Rather, the general practice is to
partially screen the lower portion of a well which fully penetrates the
aquifer as shown in Figure 5.26. The maximum design discharge
for the well should be such that the corresponding drawdown will not

cause the water level within the well to fall below the top of the screen.
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FIGURE 5-26: PARTIALLY SCREENED WELL IN AN
UNCONFINED AQUIFER
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No signif icaﬁt investigation of thé more general practical well aquifer
system shown in Figure 5.26 has been reported. Solutions incorpor-
ati'ng the posSibility of non-linear flow behaviour within the aquifer

'~ material do no;c exist even for the widely studied case of a fully
screened well,

A two-dimensional axisymrnetric finite element model was used
to investigate problems of steady state Darcy and non-linear flow to
partially screened wells in homogeneous isotropic unconfined aquifers
as shown in Figure 5.26. In all cases, the capillary fringe was ig-
nored since its contribution to the flow behaviour of the system would
be even less significant than for the case of a fully screened well.

5.7.2 Dimensionless Parameters

Dimensional analysis of the problem variablgs of the system
shown in Figure 5,26 was carried out to determine non—dim'ensioﬁal
expressions for both the distribution of hydraulic head within the sys-
tem and the well-discharge drawdown relationship for cases of Darcy
and non-linear flow.

Darcy Flow

The drawdown distribution may be described by

gihoh s 1z T he L b

] e 4 Y
ho"hw Sw ho

= o | = ~“Wl= 0 " (5.30
e ho’TW hoa hog (5.30)

The well discharge drawdown relationship has the form

Q- Té I’\o ‘es hw =
M ox e Belfe 0 em

Non-linear Flow

A complete description of the drawdown distribution and the well

discharge drawdown relationship may be given by




B

S"hw hg ho ho Tw o az' (5- 32)
| aQ o ho b hy .b_g =0
¢g i ’ h07 TW ’ ho, ho, Ckz (5'33)

As discussed in Chapter 2, the Forchheimer equation (5. 4) with

_single valued coefficients a and b has been adopted to describe non-

linear flow.

5.7.3 Finite Element Network Selection - Unconfined Aquifer

A typical finite element network for the solution of flow to a well
in an unconfined aquifer is shown in Figure 5.27. The i c¢sh is made
up exclusively of triangular ring elements arranged to form several
regions_ between which suitable transitions are interposed. As shown
in Figure 5.27 each particular region is characterised by M; and Nj
the number of vertical and radial "tubes' of elements respectively.
Network nodes are evenly spaced along vertical lines between the
aquifer base and the free surface. The radial spacing between any
two vertical lines is equal to the nodal spacing along the vertical line
closer to the well. Along the well boundary (r = ry,) the nodal spacing
scheme is altered slightly so that the nodes are evenly spaced over the
two separate portions of the boundary given by 0 \< z < 14 and
1g {z { hy. The radial spacing of the vertical mesh lines in the
final region of the network is adjusted to minimise distortion of the
elements as the radius of influence is approached.

In solving a problem the correct locafcion of the free surface is
not known a priori. A trial free surface is assumed and subsequently
adjusted by the overrelaxation iteration scheme described in Section

4.6 until the boundary conditionh = 2 along the free surface is sat~
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isfied within defined tolerance limits., For each iteration the finite
element network is. automatically generated by a subroutine within

the computer program. Thus; the conditioning of the elements in

‘the mesh is guaranteed at all stages of the solution process. The

automatic mesh generation routines considerably reduce data prep-
aration, an essential saving when considering the number of differ-
ent problems to be investigated.

Based on the proposals of Hall (1955}, the original assumed
trial free surface in the solution of a problem was defined by the

following equations

2r4
R CCH S RE
ho— th ° 50 L = '
E:__“_‘i = 25 (1"—712) — 15 [ T=7w a (5. 34b)
ho‘“ h;‘- To— 7w To— Tou .

Program trials were undertaken which indicated that the final
problem solution afforded by the finite element analysis was neglig-
ibly affected by the assumed position of the original trial free sur-
face. Various alternatives for the initial trial location of hy and
the form of the free surface were investigated but most rapid con-
vergence of the free surface iteration scheme was attained with the
adopted scheme given by equation: (5.34).

As previously noted, the finite element model used over-
estimates both the well discharge and the drawdown (h,-h) at any
_point within the aquifer and refinement of the element network im-
proves the accuracy of solution. Program trials were carried out

to determine the refinement of finite element network requiréd for

a given accuracy of solution, The accuracy of a particular network
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was found to be influenced mainly, and most easily measured, »by
N1, thernumber of radial "tubes" in the region of the mesh closest
to the well. Negligible impfovement in solution accuracy was ach-
jeved by inc.:reasing the number of vertical "tubes' above three for
mesh regions near the well. As’a general guideline this may be
stated as

M, = 20r3 for i £ 4

For a range of Darcy flow. f:roblems in which the water level
within the well is drawn down to the top of the screen (hy, = 1g), the
_ pércentage overestimates in discharge (Q) and the percentage und-
erestimates in the position of the free surface at the well (hg) are
‘given in Tables 5.10a and 5. 10b respectively for various network
refinements (as gauged by N1 the number of radial "tubes' at the
well). The values in Table 5.10 were obtained by solving each
‘ problem with progressively refined element networks until no sig-
nificant change in solution accuracy occurred with further refine-
ment.

Tables 5.10a and 5. 10b clearly indicate that although the free
surface (hy) may be 1ocate<3 quite accurately in the solution of a
problem by a comparatively coarse network, the well discharge
may be substantially overestimated by such a mesh. Generally,
the discharge is of major importance in well design. The mesh
accuracy testing results shown in Table 5. 10a indicate that for a
chosen network the percentage overestimate in well discharge de-
creases linearly with increase in 1g/hg, log (hg/ry) and 1§g (ro/hg).

Thus the network refinement required to solve any particular problem




Table 5.10: Finite Element Network Errors for Flow to a Partially
Screened Well in an Unconfined Aquifer

. i Network

r,hy, |h o/t Refinement IS/ho_-

° N4 .2 .4 .8 1
() Tabulated values of the percentage overestimate in well dis-
L charge Q to nearest 3%.

9 200 16 30 22 16 0
32 12 9 6
48 5% 4 2
| 64 2 % 3
2 100 16 21 11 0
32 ' 8 4
48 31 1l
64 1 0
2 50 16 121 9 6 0
32 4 3 2
48 13 1 1
64 i 1 0
4 100 16 19 9 (
' 32 7 31
48 3 1
8 . 200 16 243 11 0
32 9 41
48 4 13
, 64 1 0
8 100 .16 17 123 71 0
32" 6 41 3
: _ 48 21 11 1
8 50 16 9 33 0
' 32 2% 2
- 48 1 1

(b) Tabulated values of percentage underestimate in value of hy to
nearest 3%.

2 200 16
32
48
64
2 100 16
32
48
64
2 50 16
32
48
| 64
4 | 100 16

. 32
48
8 100 16
32
48
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within specified limits of accuracy may be evaluated from Table 5.1
by iﬁterpolation or extrapolation.

The accuracy of the drawdown in the vicinity of the well screen
closel.y.follo'ws the well discharge accuracy. As distance from the
well screen increases, the percentage overestimate of drawdown
rapidly &ecreases from the values of Table 5.10a.,

Trial testing indicated thai for finite element networks in which
Nl )- 32 the accuracy estimates of Table 5.10 could be applied to
Vca-s‘.,es involving less drawdown (hy, > 1g) and/or non- liﬁear flow with-

out introducing significant errors.

5.7.4 Finite Element Model Verification

Darcy Flow

The two dimensional axisymmetric finite element program for
sqlution of Darcy flow to wells in unconfined aquifers was verified in
the following manner. The partial screening problems described in
Table 5.11 were solved by finite element analysis using a network
having Ny = 32 radial "tubes' at the well. Table 5. 10 indicates that
the expected solutiori accuracy should be better than 1%.

Table 5.11: Problem Data for Finite Element Model Verification
Darcy Flow to Partially Screened Well in an Unconfined

Aquifer :
h,, = 1g
Flow Case ho/ vy ro/ho 1g/hg
1 10 2 0.75
2 10 2 0.50
3 10 2 0.25

In all three cases the finite element solutions compared ex-
tremely well with the analogous results obtained from experiments

using an electrolytic tank apparatus. The apparatus and experi- .
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ments are described in Appeﬂdix 2.

Figures 5.28 and 5.29 show close agreement between the sol-
utions obtained by the finite element analysis and the electrolytic
tank results.

A discrepancy between the finite element and electrolytic tank
solutions for the dimensionless distribution of drawdown shown in
Figure 5.29 apparently exists in the upper portion of the aquifer
close to the well, Within this region, accurate positioning of the
head contours is difficult in both the finite element and electrolytic
tank solutions since the flow velocities and hydraulic gradients are
very small. The position of the drawdown contours may vary con-
siderably without affecting the overall flow system.

Non-linear Flow

The Darcy flow finite element model was modified to solve
problems involving non-linear flow as described by the Forchheimer
relationship, The verification of this modified and more comprehen-
sive finite element analysis by comparison with experimental results
is specificall%y presented in Chapter 7.

5.7.5 Darcy Flow Solutions - Well Drawn Down to Top of
Screen

For a partially screened well in an unconfined aquifer as de-
picted in Figure 5.26 (hy > 1g), the case most relevait to well de-
sign is that of the water level within the well being drawn down to
the top of the screen, i.e. maximum well drawdown before screen
dewatering occurs (hy = 1g).

A wide range of such problems involving Darcy flow were in-

vestigated using the verified finite element model,
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The program results indicating the relative effects of partial
screening on well performance and free surface drawdown are pre-
sented in Table 5.12a and 5.12b respectively.- Through successive re- ;
finement of the element networks, accurate solutions were available
fo‘r the particular problems covered by Table 5.10. Values given in
Taiole 5.12 for other problems were obtained by applying the relevant
corrections, as estimated from Table 5.10, to the finite element sol-
utions found using N1 = 32 radial "tube" element meshes.

In Figure 5,30 the partial ‘screenirig effects are presented for the
typical case ro/hg = 2. The Dupuit expression (equation(5.28)) for
discharge to the equivalent fully screened wells has been presented
(dotted lines) in Figure 5. 30 for comparison with the partially screened

results. For values of hy/h, > 0.7 the Dupuit equation (5.28) for

fully screened wells (1g = hy) is seen to give an accurate estimate of

o

the well performance for the partially screened case (1g = hy). How-
ever, for partial screening where 1g/h, < 0.7, the Dupuit equation
overestimates the well discharge and the error rapidly increases with
decrease in screen length for 1g/ho < 0.4.

In all cases.of prescribed ho/ry and ro/hg, both the maximum well

discharge and free surface drawdown were obtained at values of 0.4 (

hwlho = 1S/h0 <0. 5-

Figure 5.31 shows clearly the maximum values of well discharge

and free surface drawdown attainable with partially screened wells in

unconfined aquifers if dewatering of the screens is not to be allowed.
The drawdown distribution for the Darcy flow proble‘m

(ro/hg = 2 hg/ry = 100 1g/hg = hy/he = 0.5) is shown in Figure 5.32.
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Typical distributions of the drawdown along the free surface,
the line z = lg, and the base of the aquifer are given in Figure 5. 33.

From the problerﬁs investigated, the following significant fea-
tureé were found to be characteristic of the hydraulic head distrib-
ution:-
(i) The flow was essentially radial one-dimensional for r >hg and
beyond a distance hg from the well the Dupuit equation (5. 27)_ may be
used to describe the flow distribution. For values of ho/ Ty € 50
the limiting radius from the well beyond which the flow may be
described by equation (5.27) should be extended to r > 1.6 he.
(ii) The fiow was radialiy one-dimensgional for z { 1g/2. Thus the
base pressure head distribution is representative of the region within
a height 14/2 above the base.

(jii) Within the flow region (r {1g, 2z {15/2) the expression

_ | QIn (r/ry) ﬁ e
h hw B [ 2T K]-S } 1: ho] 5.

predicted h - hy with an error not exceeding 3% for the range of

o
n
-

problems .15 { 1g/ho = hw/ho < .65, 40 {ho/ryw {250, ro/ho > 2.
(iv) Near the well, the free surface remained very nearly horizontal

as demonstrated by the following equations:-

h (r, free surface) - hy = - (5,30
€ was negligible for r {0.15  (hgp - 1s) (5, 36h)
c < (ho/200) for r £0.3 (ho - 1g) (5.36¢)

The discharge flux distribution along the screen length is pre-
sented in Figure 5.34 for several typical flow cases. In all problems

solved the flux q equalled the wniform flux distributio value
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q* = Q/lg at the position 1/1g = 0.75 along the screen. In general g
the flux distribution became more uniform with increase in both
~1g/hg and hof Py The behavioural trends so exhibited are similar
to those noted in Section 5.3.5 for partially screened wells in con-
fined aquifers. The flux distributions for ry/hg = 2 as shown in

Figure 5.34 are equally applicable for any larger radius of influence.

5.7.6 Non-linear Flow Solutions - Well Drawn Down to Top of
Screen

The verified finite element program was used to examine a wide
range of problems involving non-linear flow in partially screened un-
confined aquifers as shown in Figure 5.26. The maximum aliovs'rable
well drawdown case hy, = 15 was solved since it is of major importance.

The program results indicating the effects of non-linear flow on
well performance and free surface drawdown are presented in
Tables 5.13a and 5. 13b respectively. Tabulated values were found
by applying the relevant corrections, as estimated from Table 5. 10,
to the finite element solutions obtained using Ny = 32 radial "tube"
element meshes.

Figure 5.35 presents the effects of non-linear flow and partial -
screening for the typical case ry/hg = 2, hp/ry = 50. With increas-
ing non-linearity (measured by b/a2) there is a dramatic reduction
in well performance and free surface drawdown.

The critical screening ratio, (Ig/hglerit, at which maximum )
well discharge and free surface drawdown were obtained is seen in
Figure 5.36 to increase with b/a2.  Also shown clearly in Figure

5.36 is the effect of non-linear flow on the maximum values of well
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performance and free surface drawdown attainable without dewater-
ing the well screen.

The typical drawdown distribution shown in Figure 5.37 for the
case (ro/hg = 2, hol/Ty = 100, 1g/ho = hy/hg = 0.5, b/a2 = 1) may be
compared with the Darcy solution for the same geometry (Figure
5.32).

The distributions of drawdown aiong the free surface and the
aquifer base are shown in Figure 5.38 for some typical cases of non-
linear flow.

As for the Darcy flow case -

(i) the flow was radially one-dimensional for z < 1g/2,

(ii) partial screening effects were negligible and the flow

was fully radial for r >1.5 hq,

(iii) near the well the free surface remained eséentially

horizontal.

Non-linear flow effects were found to be negligible at r=r5=2h,
even for the extreme case of b/a2 - 100, The flow could be described
by the Dupuit equation (5.27) for Darcy flow (K = 1/a) for r >2hg.

The effects of non-linearity on the flux distribution along the
screen are demonstrated in Figure 5.39. The flux distribution is
seen to become more uniform with increasing non-linearity as meas-
ured by b/a2 (this trend was also noted in Section 5.3.6 when confined
aquifers were being considered). As for the Darcy flow cases con-
sidered in Section 5.7.5 the following effects were found to be applic-
able to cases of non-linear flow:-

(i) The flux q equals the uniform distribution flux, q¢ = Qllg,
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at1/1g = 0.75.

(ii) The flux distribution becomes more uniform with increase
in both 1g/hg and hofrw.

(iii) Flux distributions for rg/ hy = 2 are representative for any
larger radius of influence.

5.7.7 Solutions fof Well Water Levels above the Screen

In the previous sections 5.7.5 and 5.7.6 solutions were present-
ed for the respective cases of Darcy and non-linear flow to partially
screened wells (see Figure 5.26) for the limiting condition of draw-
down to the top of the screen (hy, = 1g).

In many cases a well may be operated with the water level in
the well above the top of the screen. This condition, hy >1g, was
investigated for Darcy flow using the finite elem;ant model.

The results for a range of problems are presen.ted in Table 5.14.
Thé values in Table 5. 14 were obtained by applying corrections
according to Table 5.10 to finite element solutions found using N1=32
radial "tube' element networks.

The effects of hy/hy upon both well performaince and free sur-
face level (hy) at the well are shown in Figure 5.40 for the typical
case rof/hg = 2, ho/ry = 50.

In all cases, both the well performance and the free surface
drawdown varied linearly with hy/hg between hy/hg = 1g/ho and
hw/ho = 1. Thus, well performance and free surface drawdown at
the well may be estimated for any value hy > lg from the solutions

for the limiting case (hy = lg) investigated in Section 5.7.5.

+F i

7o




Table 5.12:

Darcy Flow to a Partially Screened Well in an Uncon-

fined Aquifer - Drawdown to Top of Screen

hy /ho = 1g/hg

To/hy he fry .2 .3 .4 .5 .8 T
(a) Well performance - tabulated values of Q/Khg2
2 200 .27 .32 .34 .34 .31 .26
100 .31 .36 .39 . 38 .35
50 .39 .44 .46 .45 .41 .34
4 200 .26 .30 .32 .31 .28 '
100 .30 .34 .36 .35 .31
50 .37 .41 .42 .40 . 36
3 200 .25 .28 .30 .29 .28
100 .29 .32 .33 .32 . 29
50 .35 .38 .39 .37 .33
16 200 | .27 .28 .27 ’
100 .30° .31 .30
50 .36 .36 .33

(b) Free surface location at the well -

tabulated values of hf/hO

16

2

200
100
50
200
100
50
200
100
50
200
100
50

.94
.93
.91
.91
.90
.86
.88
.86
.82

.93
.91
.89
.89
.87
.84
.86
.83
.80
.82
.79
.75

.92
.90
.88
.88
.86
.83
. 84
.82
.78
.81
.78
.74

.91
. 89
.87
.87
. 85
.82
. 84
.82
.18
.81
.78
.74

.91
.89
.87
.87
. 85
. 83
. 84
.83

.79




FIGURE 5-30:

oM

NI00 \50
N \
<2 \\\ N \\
AN
SO o NN
\
Mog, =50, N
. NN N
14 b N \
_ 10Q ' AN
: AR
20 N\
/ AN
_ \
A
\Y
\Y
\Y

- w — - Dypuit Solution
Fully screened well

. Partiolly Screened hy/p = &s/ho

} } I |

UNCONFINED AQUIFER

0 T2 4 6 8 10
MW/ho
8
] } | |
0 2 4 6 8 10
P/ he
. DARCY FLOW. Vi=hy . fop=2
-]

PARTIALLY SCREENED WELL IN AN

TYPICAL EFFECTS FOR WELL DRAW-
DOWN TO TOP OF SCREEN-

DARCY FLOW.

.




Q
—_— 3. 3
(Kh:)mx.

-

-4 1 I
I 2 4 8 i6

l'o/h
o
DARCY FLOW. 0.4 < Ly/ho=hy/h<0O°5

FIGURE 5-31° PARTIALLY SCREENED WELL IN AN
UNCONFINED AQUIFER.

MAXIMUM VALUES OF WELL DISCHARGE
AND FREE SURFACE DRAWDOWN -
NO SCREEN DEWATERING-DARCY FLOW




Head Centours are at intervalé‘ of

0% of the total drawdown

he /1, = 100

o/he = 2
ts /ho=hu/hs = 05

Darcy Flow

0/kn? = 038

0%

. FIGURE 5.32: PARTIALLY 'SCREENED WELL IN AN UNCCMFINED AOUIFER..

TYPICAL HEAD DISTRIBUTION FOR DARCY FLGW.

20



ho/ 1y =50 fo/ o =2 ey,
, -
g
b1y g pald ! i [ B N | ] ; ! TSRS 1 I IR
0 100 ! 10 100
e Y,
Z
5 U LEGEND
he Ht ho Ls/ho =Mw/ho =0-5
y:[; :Fw ——————— L, /ho =h, /hg =02
3 11t .

FIGURE 5-33: PARTIALLY SCREENED WELL

IN AN UNCCNFINED AQUIFER.
TYP!ICAL DRAWDCWN DISTRIBUTIONS FOR DARCY FLOW.



)/
I
I
- -4 i
I
l .
ho /1y, =50 o/ ho=2 : ho/fy=200 o/ ho=2
~ Darcy Flow ‘2 - : Darcy Flow
l
|
I
1 ! ] 0 I 1 l 1
-8 1.2 -4 1.6 -8 8 I-D -2 I-4 -6 -8
9/q* 9,/q*
LEGEND
o /-0 *- 0/t
Ejj;[z :u —ij —————— Ls/ho =0-2 ks=hy
T o

w

FIGURE 5-34: PARTIALLY SCREENED WELL IN AN UNCONFINED AQUIFER.

TYPICAL DISCHARGE FLUX DISTRIBUTIONS ALONG SCREEN- DARCY FLOW.




!

Table 5.13: Non-linear Flow to a Partially Screened Well in an
Unconfined Aquifer-Drawdown to Top of Screen
h,/hy = lg/hg '
ro/hy ho/ty la® |2 .3 .4 .5 .6 T 8
() Well Performance - Tabulated Values of aQ
ho?
‘ 2 © 50 Darcy | .39 .44 .46 .45 .41 .34 i
; .01 .43 .45 . 44 .40 }'
! .1 .36 .39 .39 .37 .32 ]
1 .20 .23 .24 .24 .22 :
10 .090 .099 .10 .10  .090
100 . 026 .031 .034 .036 .036 .033
2 100 Darcy| .31 .36 .39 . 38 .35
.01 .35 .37 .37 .34
.1 .28 .31 .32 .31 L2
1 .15 17 .19 .19 .18
10 .087 .074 .078 07T L070
100 .019 .023 .025 .027 L027 .025
2 200 Darcy| .27 .32 .34 .34 .31 .26 i
.01 .30 .32 .33 .30 l
.1 .24 .27 .28 .21 .24
1 .12 .14 .15 .16 .15
10 . 054 .060 .064 .064 .058 !
100 .015 .018 . 020 ,022 .022 .021
(b} Free Surface Location at the Well - Tabulated Values of h¢/ho.
2 50 Darcy| .91 .89 .88 .87 .87
.01 .89 .88 . 87 .87
.1 .91 .89 . 88 .88 .88
1 .95 .94 . 93 .92 .92
10 .98 .97 .97 .96 . 96
100 .99 .99 .99 .98 .98 .98
2 100 Darcy| .93 .91 .90 . 89 . 89
' .01 .91 .90 . 89 . 89
.1 .93 .92 .01 .90 .90
1 .96 .96 . 95 .94 . 94
10 ' .98 .98 .98 .97 . 97
7 100 .99 .99 .99 .99 .99 .99
2 200 Darcy | .94 .93 .92 .91 .91
.01 .93 .92 .91 .91
.1 .95 .94 .93 .92 .92
1 .98 .97 .97 . 96 .96
i0 1.00 . 99 .99 .99 . 99
100 1.00 1.00 1.00 1.00 1.00 1.00
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Table 5.14: Partially Screened Well in an Unconfined Aquifer -
Well Water Level Above the Screen - Tabulated Values
of Q/Khg? and hf/hg

ro/ho - hol/ry l1s/ho hy/ho Q/Kh02 he /hq
2 50 0.2 0.2 .388 .908
0.8 .194 . 955
0.8 . 097 .978
1 0 1
0.4 0.4 L4680 . 874
0.6 .308 .919
0.8 . 155 .962
1 0 1
0.8 0.6 .408 . 863
0.73" .273 .915
0. 86! .137 . 960
1 ’ 0 1
2. 200 0.2 0.2 .268 .934
0.6 .134 . 967
0.8 .087 . 084
1 0 1
0.4 0,4 .337 . 907
0.6 .225 . 939
0.8 .113 . 971
- 0 1
0.8 0.6 .311 . 898
0. 73! .208 . 935
0. 88" ,104 . 969
1 0 1
8 50 0.2 0.2 .346 . 824
0.6 .175 . 917
0.8 .088 . 960
1 0 1
0.4 0.4 .386 . 782
0.6 . 280 . 864
0.8 .131 . 936
1 0 1
0.6 0.6 .326 .795
0.73' .219 .874
0.886' ,111 . 941
1 0 1
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For any value hy > lg, both the distribution of dimensionless

drawdown ( ho -

ho"

‘g ) throughout the flow domain and the discharge flux
W .

variation along the well screen are the same as those for the limiting
case (hy = lg) previously discussed in Section 5.7.5.

5.7.8 Well Screen Above Base of Aquifer

Consider the case of a partially screened well in an unconfined
aquifer as shown in Figure 5.41. The well screen does not extend to
the base of the aquifer and the well is pumped at the limiting discharge
which causes the water level within the well to be drawn down to ke
top of the screen, The finite element model was used to investigate

Darcy flow problems of .‘this type.

4

.

N

Screen

i

ho

mé'ﬂ

S ———— T
e e . et S m——— 00

FIGURE 5-41: PARTIALLY SCREENED WELL IN AN UNCONFINED
AQUIFER - WELL SCREEN ABOVE BASE OF AQUIFE.R.




Table 5.15: Darcy Flow to Partially Screened Well in an Unconfined
" Aquifer - Well Screen Above Base of Aquifer.

ro/ho | ho/ryw| 1s/ho b /o )
' 1] .2 |.3 1.4 [.5 | .6 |.7 | .8 i
&) Well Performance - Tabulated Values of Q/Khg2
2 50 | 0.1 |.28].31 |.20{ .25 .17 |
0.2 | |.39 |.40{ .36 |.30 | .24 [.18 | .12
0.4 .46 |.42 | .35 |.26 | .17
0.6 .41 .32 | .22
4 50 0.2 .37 1.37 | .33 |.28 | .22 |.17 | .11
0.4 .42 |.38° | .31 .24 | .16
0.6 .36 1.29
2 200 | 0.2 .27 .28 | .24 {.21 | .16 |.12 | .08
0.4 .34 |.31 | .25 |.19 { .13
0.6 .31 .25 | .17
4 200 | 0.2 .26 | .26 | .23 |.19 | .16 [.12 | .08
0.4 .32 |.29 | .24 |.18 | .12
0.6 | .28 .23 | .15 ik
(b} Free Surface Location at the Well - Tabulated Values of hg/hg
2 50 | 0.1 |.94].93 |.93 ] .93 .93 ’
0.2 .91 1.90 | .90 |.90 | .91 .91 | .92
0.4 .88 |.88 | .88 |.89 | .90
0.6 .87 (.87 | .89
4 50 | 0.2 .86 | .85 | .86 |.87 | .88 |.89 | .90
0.4 .83 |.83 | .84 |.86 | .88
0.6 .83 1.84 | .86
2 200 | 0.2 .94 |.93 | .93 {.94 | .94 |.94 | .95
0.4 .92 |.92 | .92 {.93 | .94
0.6 .91 |.92 | .92
4 200 | 0.2 .91 |.90 | .91 |.92 | .92 |.93 | .94 )
0.4 .88 |.88 | .89 .90 | .92 '
0.6 .87 |.89 | .91 .
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The results indicating the effect qf screen position on well per- -
formance and free surface draWdoum are presented in Table 5,15 for
a range of problems. The tabulated vélues were found by applying
the relevant corrections, -as estimated from Table 5.10, to the finite
element solutions obtained using either Ny = 32 or 64 radial "tube"
element networks.

Figure 5,42 illustrates the effect of scre.en position upon well
performance and free surface drawdown at the well for the typical
case (ro/ho = 2, ho/rg = 50).

As shown in Figure 5.42, for small lengths of screen
1s/ho < 0.4, optimum well performance results from placing the
screen slightly above the base of the aquifer. As a general rule, for
lg/hy < 0.4, the screen should be positioned mid-way between z =0 "

and z = 0.41’10.

5,8 Bottom Entry Large Diameter Well in an Unconfined Aquifer

The occurrence and general usage of large diameter wells (wells
large enough for a man to enter and work) under Australian conditions
has been discu.ssed by Williamson (1967). ‘These days such large
diameter wells, whether they be dug by 'hand or machine, are rarely
constructed to a depth greater than 20 metres. In highly permeable
aquifers Where the forma’clon is coarse enough to be readﬂy stabilised
and not cause sand entry problems, such wells may be recommended
for 1arge scale water productlon for 1rr1gat10n or town supply. Most
large diameter wells are now constructed using concrete liners (1 to

9 metres diameter)and depend mainly upon bottom entry of the water.

Consider a large diameter well in a relatively shallow uncon-
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fined aquifer as shown in Figure 5.43.

z

!

‘W

B

FIGURE 5-43: BOTTOM ENTRY LARGE D?AMETER{ .WELL IN
AN UNCONFINED AQUIFER.

The well is open ended and the water level may be drawn down to
the base _of the well. The aquiféer material is assumed to be both
homogeneous and isotropic but the flow behaviour may be either
Darcy or non-linear. The finite element model was used to invest-
igate a range of such problems.

In choosing appropriate finite element networks, it should be
noted that the critical region of the flow occurs close to the well and
below the open bottom end. For r ) ry the finite element networks
used followed the same notation and rules described in Section 5.7. 3.

As shown in Figure 5. 44, the flow region beneath the well

6 {r { rw, 0§z lp) was divided into triangular ring elements
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in a manner to conform as closely as possible with the elements in

the first network region beyond ry,.

*2

' ‘1 REGION 1.
M =2
R
Nt =10
@
b
o
Q
! @
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+—OPEN END —%
- -G+ & ) 8
’"b ot N @ . 8
1 3
ot oot 5 oo -
Tw

FIGURE 5-44: BOTTOM ENTRY LARGE DIAMETER WELL IN AN
UNCONFINED AQUIFER-FINITE ELEMENT NETWORK.

Along the vertical line r = ry, the network nodes were evenly
spaced over the two separate distances defined by 0 z £ 1, and
I z < ht,

Mesh testing was carried out to give a guide to network sol-
ution accuracy. The accuracy of a particular mesh solution was
found to depend mainly upon the number of network nodes that fall
along the open bottom entry section of the well. Resuits indicated
that the solution accuracy of a selected network (as gauged by

N1 the number of radial "tubes" in the first network region r > ry),

EXG
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was effectively independent of all problem variables other than the
dimensionless parameter hg/ry. Table 5.16 shows the overestimates
in well discharge for selected networks.

Ta;ble 5.16: Finite Element Network Errors - Bottom Entry

Large Diameter Well in Unconfined Aquifer
Percentage Overestimate in Well Discharge to

Nearest 1%. ro/hg > 2 hy > 1y
Network Refinement, Ni
Bo/Tw 16 24 32 48 64
) 9 4 2 0
10 14 9 4 1
20 16 7 3

The finite element program results indicating the relative eff-
ects of Ij,/hg and hy,/hg on well performance and free surface draw-
down at the well are presented in Table 5. 17 for various problems in-
volving both Darcy and non-linear flow. Values given in Table 5. 17
were found by applying corr;ections as estimated from Table 5.18 to
finite element solutions obtained using networks with Ny = 32, 48, 64
radial "tubes" for the respective problems hy/ry, = 5, 10, 20.

For the important case of maximum drawdown to the bottom of
the well, 1 = hy, values of well performance and free surface level
(hf) at the well are shown in Figures 5.45 and 5.486 for typical cases
of Darcy and non-linear flow., In all Darcy flow cases of prescribed
ho/rw and ro/hg, both the maximum well discharge and free surface
drawdown were obtained at values of 1/8 {lp/h, = hy/hg < i. The
critical penetration ratio (15/ holerit at which maximum well discharge
and free surface drawdown_were obtained is seén in Figure 5,48 to

increase with non-linearity (b/ az). The results demonstrate that



Table 5.17:

Bottom Entry Large Diamefer Well in an Unconfined

Aquifer
1
ro/hg he/ry Flow 1p/ho hy /g |
: b/a? 178 1/4 172 574 1 |
(a) Well Performance - Tabulated Values of Q/Khgz (K = 1/a)
2 5 0(Darcy) hy/hy ! .81 .81 .58 .20 0 |
10 ' .48 .48 .32 .16 0|
20 .20 .27 .19 0
2 5 1 hy/ho | .38 .41 .37 .20 0
! 10 .15 .18 .18 .093 0
| 100 . .052 .057  .048 .034 O
2 10 1 hy/ho | .18 .18 .16  .088 0
10 .070 .068 .060 .038 0
100 023,023  .019 .014 O
2 10 O(Darcy) 1/8 | .48 .41 27 14 0
: 1/4 .48 .31 15 0
s 1/2 .32 17000
o2 5 0(Darcy) 1/8 | .81 .AR9 .46 .23 0
| 1/4 .81 .54 .28 0
| 1/2 .58 .34 0
‘! 4 5 0(Darcy) hy/hg | .72 .71 .50 .25 0
8 5 0(Darcy) hy/ho | .63 .62 .45 .22 0
(b) Free Surface Location at the Well - Tabulated Values of hy/hg
2 5 0(Darcy) bw/ho | -83 .82 .83 .85 1 |
10 .90 .89 .90 .91 1 |
20 .93 .94 . 95 1
2 5 1 hy/he | .92 .01 . 90 .91 1
10 ' .96 .95 . 94 .95 1
100 .98 .98 .98 .98 1
2 10 1 hy/hg | .96 .96 . 95 . 95 1
10 .99 .99 .98 .98 1
100 .99 .99 . 99 .99 1t
2 10 O(Darcy) 1/8 .89 .91 .94 .97 1
1/4 .88 .93 .97 1
/2 | . 90 .95 1
2 5 0(Darcy) 1/8 .83 .88 .91 .96 1
1/4 . 82 . 88 .94 1
1/2 . 83 .91 1
4 5 0(Darcy) hy/ho | .74 .73 .75 .84 1
8 5. 0{(Darcy} hy/ho | .66 .85 .71 .83 1

g

%



Kh

I

Q o}

6 - -8 {
h“’/ho

o/ o= 2 Ry =h, Darcy Flow

FIGURE 5.45: BOTTOM ENTRY LARGE DIAMETER WELL

IN AN UNCONFINED AQUIFER

- TYPICAL EFFECTS FOR DRAWDOWN

TO BASE OF WELL - DARCY FLOW



08 e
6 -
aQ
hg
-4 |-
2 L
0
0 i
ot
! —— [e) T
\.\IO e '
b
he 9 i~ \‘\/qzzl e —
ho
/
\‘\._?_a_r_c_y—-///
8 ] I _ |
0 2 -4 6 8 !
M/he
ro/h°=2 h°/rw=5 j’b =hw

FIGURE 5.46: BOTTOM ENTRY LARGE DIAMETER WELL

IN AN UNCONFINED AQUIFER

TYPICAL EFFECTS FOR DRAWDOWN TO
BASE OF WELL = NON LINEAR FLOW

(53 :



-0 o
"8 Contours are at intervals of 0%
of the - total druowdown
ro/ho - 2
6 ho/rw =5
7 h\#/ho = Lb/h = ./4
: /ho
. Darcy Flow
o4 o Z
Q/ Khy = O-81
OPEN END

10%/o

FIGURE 5-47: BOTTOM ENTRY LARGE DIAMETER

0%

1-2 -4 -6 -8

YELL I AN UMHCONFINED AQUIFER

TYPICAL HEAD DISTRIBUTIONS FOR DARCY FLOW

2-0



0
/,/
Z
-7
-~ 7
’_// /7
z2 /_'Y.-—--‘ Y/
Free Surface
.' \\ 7
| : .4“ 2=0Q ,/
hy-h o | //‘
hé".hy. A I,
1
yaii
/
8 - p I,
7
20 __-"" ~—z= by =by
! 1 by aaald 1 I N SRR I 1
| i 10
r, r
Y T Jz : : v,
Lishe = V2 ok by ho ——Darcy Flow
_____ p‘b/h;, - !’B ’ﬂ— ! _Ew Lo r —-—--b/qZ=IO
f _ b - ' r - - 1
°/ho"2 o/,.w_s Darcy Flow o/ho_z h°/"w"' 5 l,b/ho.._ Vs

FIGURE 5-48: BOTTOM ENTRY LARGE DIAMETER WELL IN AN UNCONFINED AQUIFER
TYPICAL DRAWDOWN DISTRIBUTIONS |

3 % 5 o



e

!
-8l
6l
r/rw Darcy Flow “ Darcy Flow
4~ LY § &
2+ 2
0 ] 0 ! L 1 i
0 l 2 0 20 40 60 80 20
vv* CUMULATIVE DISCHARGE /%))
® vieo/mid NG
fo/ho =2, SSho/fw$20, Z,b/h°> Ve

FIGURESLQ BOTTOM ENTRY LARGE DIAMETER WELL IN AN
UNCONFINED AQUIFER.
DISTRIBUTION OF DISCHARGE FLUX, VELOCITY AND
CUMULATIVE WELL DISCHARGE ALONG BO!TOM
ENTRY SECTION.




105.

ihcreasing non—i'i-nearii;jé (as measured by b/ az) may considerably re-
duce well discharge and free surface drawdown.,

In all Darcy flow cases examined iﬁ ‘whi‘ch the full available
drawdown was not utilised, both the well discharge' and free surface
water level at the well varied linearly with hy betwéen hy = I and
by = hg. These results are similar to those for conventional
screened wells in unconfined aquifers discussed in Section 5.7. 7.

For any well water level hy > lp, the discharge and free surface pos-
ition may be estimated by lihear proportioning from the solution for
the limiting condition of drawdown to the bottom of the well, hy =1j,.

The drawdown distribution for the Darcy flow problem
(ro/ho = 2, ho/ry = 5, Ip/hgy = hy/hg = 1) is shown in f‘ig‘ure 5.417.

Distributions of the drawdown along the free surface, the line
z = I, and the base of the aguifer are given in Figure ;;'».48 for typ-
ical cases of Darcy and non—linear flow.

| For a spet:ifigd degree of non-linearity (value of b/az), the

discharge flux distribution along the open well bottom was found to be
approximately indepengignt of ro/hg, he/ryw and lIp/hg within the range
of values investigated (1 e. ro/hg 22, 5 {holry 20, In/hg »1/8).
The discharge flux distributions are shown in Figure 5.49a for cases
of Darcy flow and non-linear flow with b/a%=1 and 100. = Figure 5. 49
shows the radial distribution of velocity along the bottom of the well
for Darcy flow. It should be noted that :high entrance velqcities occur
asr approach‘es Tyre ‘Tl'_’xis is very s_igpificant in rela’;io;; to possible |
sand movement into the weﬁ. The cumula;ti‘ve well‘discharge dis- '

tribution is shown in Figure 5.49c for Dgfcy ﬂow.__' .

@
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6. Solutions to Transient Well Flow Problems - Confined Aquifers

6.1 General

Based on the theory outlined in Chapters 3 and 4, finite element
computer programs were developed and used to solve a range of
transient well flow problems in confined aquifers.

The transient finite element analysis was verified by comp-
arison with known analytical solutions for various typical boundary
value problems.

The finite element model was then used to investigate a range
of problems previously insoluble by analytical techniques. In par-
ticular, the effects of well storage, partial penetration, non-linear
flow and variable well pumping rate were considered. The results
reported herein were oriented towards demonstrating the versatility
of the developed finite element programs in handling a variety of
conditions in transient flow problems to wells in confined aquifers.

In all cases the aquifer material was assumed to be isotropic
and homogeneous unless stated otherwise.

6.2 Verification of Finite Element Solutions

6.2.1 General

The verification of the finite element analysis by comparison
with known analytical solutions is now described.

Consider the general problem defined in Figure 6.1. Beginn-
ing from some initial time, to, a well in a uniform homogeneous
isotropic confined aquifer is pumped at a constant rate Q. The

aquifer transmissivity, T, and storage coefficient, 5, are defined
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FIGURE b-1: UNSTEADY FLOW TO A WELL
IN A CONFINED AQUIFER.

in the figure. All other symbols have been defined previously.

In the following finite'element. model verification, well stbrage
effécts have been neglected since such effects are not included in
ény of the known analytical solutions used for comparative purposes.

As described in Section 4,5.4, the solution in time was carried
out through a step-by-step mid-difference approximation. Within
an individual time step, the accuracy of the solution depends upon
the refinement of the finite element network over the flow region.
Thus-fini-te element networks were selected according to the guide-
 lines and accuracy values given in Chapter 5 for the steady state an-

alysis of flow to a well in a confined aguifer.

R
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8.2.2 Stability of Step-by-Step Time Solution Procedure

The effect upon the finite element analysis of the specified
~steps in time was investigated by conaidering the case of fully radial
one-dimensional Daréy flow.

The following problem was solved by a finite element model in-

corporating one-dimensional isoparametric ring elements:
r =1 T =3 S = 10 Q= 10

The dischargé ratio toléara.nce, &, » was specified as 5% (see
Section 4.5, 6). The one-dimensional finite element network was
chosen according to the guidelines of Section 5.2.4. The length of
the element near the well was equal to the well radius (ry = 1}, and
the mesh was graded such that the nodes were approximately evenly
spread logarithmically with distance from the well, The mesh was
extended to a specified radius of influence, ro = 2000 where a pre-
scribed head boundary condition was imposed. ‘

The time domain, 10'24 t g 102, was divided into logarith-

mically evenly spaced time steps in the finite element analysis. Sol-

utions based on the following four separate time step series were

obtained:
(1) tip1 = tix 10
(1) 41 = t{ x 107
@) tyeg = tx 1023
(iv) tivg = 4 xlO%

Figure 6.2 shows the drawdown versus time results for spec-

ific distances from the well, r/r = 1, 10, 100. The analytical
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Theis (1935) solution to the problem is shown in the figure for
comparative purposes. Even for the most coarse time step series
(tj+1 = tj x 10) in which the finite element results oscillate notice-
ably about the Theis solution, a mean fit through the program re-
sults only slightly overestimates the drawdown., With more time
steps per logarithmic time cycle, the oscillations of the finite
element results rapidly diminish and the lines of mean fit are not
significantly different to the analytical solution. The finite element
solution accuracy improves with radial distance from the well,
irrespective of the time series chosen, Clearly, the mid-difference
step-by-step time solution procedure ig extremely stable. There
would appear to be no advantage in specifying more than 3 time
steps per logarithmic cycle in time, since the results for the time
series , tir1 = t1 X 101/3, show negligible oscillation or deviation
from the exact analytical Theis solution.

6.2.3 Fully Screened Well in an Infinite Aquifer

Consider the simple case of constant discharge Darcy flow to
a fully screened well in a confined aquifer of infinite radial extent,
The analytical solutions of Theis (1935) and Hantush (1964) are
available for the respective problems of a well of zero radius (line
sink) and a well of finite radius, Javandel and Witherspoon (1968)
obtained good agreement with the analytical solutions by using a
finite element solution based on triangular ring elements.

Since the flow is strictly radial one- dimensional, economical

finite element computer solutions employing one-dimensional ring
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elements were used by the author to solve the following problems:-

10072 @ - 10

{1 T=3 §-=10° Q = 10

Line Sink re =0 T =3 S

Finite Well Radius Ty
The solutioﬁ to the latter problem has already been referred to in
Section 6.2. 2 when discussing the stability of the transient solution
procedure.

In both finite element problem solutions;

(i) the 1engthr of the élement at the well was equal to 1 and the
mesh nodes were spaced logarithmically with radial distance from
the well;

(ii) the mésﬁ extended to a radius of influence, rg = 2000.
This value was chosen since within the solution time domain,
10-5< t \< 1, the drawdown at rg is negligible gnd the aquifer be-
»haves_ effectively as one of infinite extent;

(iii) the time step series was specified such that there were

1/3) as

3 time steps per logarithmic time cycle (i.e. tj4+1 = tj x 10
recommended in Section 6. 2. 2.

A cor.nparison of the finite element and analytical solutions is
shown in Figure 6.3 in terms of dimensionless drawdovﬁn, W(u),

and dimensionless time, 1/u, where

W(u)

11

479 Tlhg - h)/Q (6.1)

1/u 4 Tt/rzs (6.2}

Q is the calculated well discnarge and ho is the original hydraulic
head before pumping. For the finite well radius problem the re-

sults are presented for several values of dimensionless radius
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r/ry. Excellent agreement between the finite element and analytical
solutions is evident,

6.2.4 Fully Screened Well in a Radial Bounded Aquifer

Consider the case of constant discharge Darcy flow to a fully
screencd well in a confined aquifer which is bounded at the outer
radius rq. At the outer boundary, there may be either a prescribed
head condition or an impervious boundary condition.

The line sink problem,

rgy=0 T =1 s=10° & =50
was solved using a finite element model with a one-dimensional
element network similar to that used in solving the line sink problem
of Section 6, 2.3 except thé.t the mesh continued to an outer boundary
of only rq = 400. The time domain 10 {t 10* was divided into
two steps per logarithmic time cycle, i.e. tj41 = ti_ X 10%. Solutions
were obtained for the two separate possible imposed bounda‘ry con-
ditions at rq.

Figure 6.4 shows a comparison of the finite element results
with the analytical solutions of Muskat (1846) for various dimension-
less radii, ro/r. As dimensionless time increases, the results
diverge from the Theis solution as shown in the figure. Even with
only two time steps per logarithmic time cycle, the finite element

@

results compare very well with the analytical solutions.

6.2.5 Partially Screened Well

In problems of partial screening of the aquifer (Figure 6.1),

the flow will not be purely radial and the simplifiéd one-dimensional
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finite element analysis so économically useful in p_revious fully
screened solutions cannot be applied. A ‘mrb-dimensional axisymm-
etric finite element program incorporating both rectangular and tri-
angular ring elements was adopted for problems involving two-
dimensional flow behaviour.

This two-dimensional finite element model was verified for
Darcy flow in the following manner. The selection of the rectangular
and triangular element networks was made according to the guide-
lines given in Section 5.3.4. A network of elements in which the
radial spacing of nodes was the same as that previously employed
in the verification of the one-dimensional finite element analysis
(sections 6.2.2, 6.2,3, 6.2.4) was found to give identical solutions
to those obtained by the one-dimensional program results. Thus
the two-dimensional program's ability to solve the simplifierd one-
dimensional radial flow problem was demonstrated.

To verify the program's ability to predict two-dimensional
axisymmetric Dar cy flow behaviour, the follow.ing problem of a
partially screened well being pumped at constant rate Wars investig-
ated:

rrw=.1 m = 40 -ls=720

- 1074

AN
n
o
[y
42}
n
1

Q = 100 éQ = 5%

The time domain, 10-2< t 102, was divided according to

ti+1 = ti X 101/3. The two-dimensional element network was

selected such that the network nodal spacing at the well, Arl, was
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equal to rW/2 = 0,6. From Table 5. 2, such a fine network should
give extremely accur.ate results., The network was graded to a rad-
_ius of influence r, = 1000 where a prescribed head boundary con-
dition was imposed,

The finite element solution resulted in a drawdown distribution
that varied with depth for r <1.5m. . ~For r > 1.5m from the
well the flow was essentially radial one-dinﬁensional and the results
obeyed the analytical Theis solution. The flow was also found {o be
purely radial for z £ 14/2 irrespective of the distance from the well.
In Figure 6.5, the finite element results for the radial distribution of
drawdown along the base of the aquifer are presented in the dimen-
sionless fofm W{u) versus 1/u for values of r/m = 1/40, 1/10 and
1/2. The close agreement with the analytical solution of Hantush
(1961) clearly evident in Figure 6.5 demons’;rates 'éhe validity of the
fﬁaite element analysis.

6.2.6 Discussion

In the previous sections, the transient finite element analysis
- has been verified for well flow problems involving Darcy flow. The
unsteady solution procedure, so verified, relies qn the application of
a mid-difference time step scheme to essentially steady state sol-
utions derived at particular instants in time. The extension of
steady state finite element programs to include complex boﬁndaries,
aquifer inhomogeneity and non-linear flow behaﬁour has been dem-
onstrated elsewhere (in particular chapters 5 and 7). It is consider-

ed, therefore, that if the previously verified time solution scheme
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is applied to problems which include the abovementioned extensions,
the {ransient finite element analyses should be correct.

A more complete verification of the analysis of transient non-
linear flow problems would of necessity have to include experimental
results from either laboratory and/or field testing since no analytical
solutions are available, Such testing would need to Ee carefully con-
trolled and would require extensive automatic electronic instrument-
ation if the results were to be meaningful in verifying both the orig-
inal basic field equations and the finite element programs. (Huang
(1973) encountered difficulties in obtaining reliable results in lab-
oratory testing of the simpler Darcy well flow problem. The diffic~
ulty may be attributed mainly to a lack of adequate instrumentation),

Experimental testing of unsteady non-linear well flow was far
beyond the limits imposed by both time and finance on the present
study.

6.3 Effect of Well Storage on Flow Behaviour

As previously stated in Chapter 4, within the initial -stages of
pumping, the pump will draw mainly from the water standing within
the well. Available analytical solutions ignore this effect and ass-
ume that the pump discharge is met fully by the aquifer. The effects
of well storage upon the flow behaviour of a well-aquifer system being
pumped at a constant rate were investigated using the developed fin-
ite element programs,

Consider the problem of a fully screened well in a confined

aquifer being pumped at a constant rate., The flow obey's Darcy's
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law and the effects of well storage are to be included. The following
two problems were solved using one-dimensional isoparametric ring

elements;

(i) Arbitrary Compatible Units (ii} Typical Practical Problem

ry = 1 ry = 0.2 metre

ro = 2000 ro, = 400 metres

T =1 T = 10'3metre2/sec.
§ = 1073 s = 1.5x10-3

Q = B0 Q = 50 litres/sec.
01t ¢ 100 .01 {t { 100 minutes

In both problems the time steps were chosen to give 3 steps per log-

1/3

arithmic time cycle, i.e. tj41 = tixl{) . ' The finite element net-
work previously described in Section 6.2.2 was used in solving the
first problem. The second problem was solved using a scaled ver-

gion of the same network such that the element length at the well was

equal to the well radius, r

w 0, 2 metre.

The results of the finite element analyses are presented in
Figure 6.6 in the dimensionless form W(u) versus 1/u for specified
Yalues of r/ry. The results clearly indicate that the well storage
leads to substantial deviations from the analytical Theis solution for
positions néar the well at early times., The effects of well storage
are seen to diminish with distance from the well. For r/ rw>
500 the effects are negligible and the flow obeys the Theis equation.
As time increases, the contribution to pumping discharge derived
from well storage decreases and eventually the aquifer meets the total

flow requirements. This is evident in Figure 6.6 where the curves
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for the different r/ ry values including well storage approach and
merge with the analytical Theis solution as time increases.

The increase in the proportion of the pumped discharge attrib-
“utable to the aquifer is shown in Figure 6.7 for both problems solved.

The second problem solved (metric unit values given) represents
a typical .practical well- aquifef system. The dra;wdown— time re-
lationships for various r/r,, values are given in Figure 6.8 for this
problem. For comparative purposes, the Theis analytical solution
which ignores well storage is also shown. BothFigures 6.7 and 6.8
clearly demonstrate that well storage effects have dis sipated after
approximately 15 minutes of pumping for the typical practical problem
discussed. o

6.4 Non-Linear Flow Solutions

Analytical solutions for problems of transient non—liﬁear well
flow are unavailable in the literature even for the one-dimensional
fully radial case. T'he finite element method was used to investigate
the effects of non-linear flow on the near well behaviour of confined
aquifer-well systems.

6.4.1 Fully Screened Well

.The case of a fully screened well in a confined aquifer being _ .
- pumped at constant rate was considered. Well storage effects were
ignored. T.he following three problems were solved using the com-
_p_uter program employing one-dimensional isoparametric ring £a

elements.




o

ie

117.

rw = 0.1 metre m = 8 metres
a = 1 sec/fem b=5 (sec/cm)pJ
Sg = 1074 / metre

GQ = 5%

Problem (i) Q

50 litres/sec.

i

Problem (ii) Q = 100 litres/sec:

Problem (iii) Q = 200 litres/sec.

2

The time domain 10 “{ t ¢ 10% seconds, was divided into

steps acc_ording to ti+1 = ti X 101/3.' All problems were solved using'
a finite element network which was selected to obey the rules of
Section 5.2.4. The length of the element near the well was equal to
the well radius, ry = 0.1, and the mesh nodes were spaced log-
arithmically with radial distance from the well., The mesh extended
to a radius of influence, rgo = 1000 metres, where a constant head
oundary was imposed.

The results of the finite elemént solutions are shown in Figure
6.9 in which the drawdown-time relationships are presented in dim-
ensionless form, W(u) versus 1/u. The dimensionless parameter
bQ/a2 ™ mr previously derived in Section 5. 2.2 was found to
characterise the effect of non-linear flow on the transient drawdown
behaviour within the confined aquifer. The dimensionless type

curves for the non-linear flow cases all lie above the conventional

Darcy flow Theis curve solution with the deviation from the Theis

‘curve increasing with the value of bQ/a2 7 mr.

The radial distributions of drawdown at fimes t = 5, 50, 5000

seconds are shown in Figure 6.10 for the problems in which the
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pumping rates were 100 and 200 litres/sec. The dotted lines rep-
resent the radial drawdown distributions for the equivalent Darcy <
flow behaviour in which the hydraulic conductivity is given by K-1/a.
As evidenced by the deviation of the non-linear flow results from the
Darcy-ﬂow behaviour in Figure 6.10, the effect of non-liﬁear flow is
to cause additional drawdowns which increase with proximity to the
well.
The variation of drawdown with time may be conveniently rep-
resented by two components -
s(r,t) = s(r,t)

+ s{v,t) (6. 3)

Darc Non linear

s(r,t) is the component of drawdown based on the
Darcy
assumption of Darcy flow with K = 1/a.
i%

s{r, t) is the additional drawdown due to non-linear

Non-linear
flow., S ' -

In all cases, after a short time, the additional drawdowns
attributable to non-linear flow remained constant, The time for
non—iinear flow to become fully established and henceforth independent
of time was of the order of a few seconds for the problems investigated,
Figure 6,10 clearly demonstrates the time constancy of the additional
drawdowns due to non-linear flow,

Once developed, the additional drawdown attributable to non-
lineé.r flow was found to be given by

2

R~ L. :
8 UNon-linear -~ P Zem (% ro ) (6.4) B

which is the expression derived in Section 5.2.2 (equation(5.3)) for

the non-linear flow drawdown contribution for steady state well flow
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in a confined aquifer.

6.4.2 Partially Screened Well

Several cases of a partially screened well in a confined aquifer
being pumped at constant discharge were investigated using a two-

dimenegional finite element program. Well storage effects were ig-

nored,

The basic problem described in Section 6.2.5 was solved for

non-linear flow at three pumping rates as follows:-

r =1 m = 40 1 = 20
w s
a = 10 b = 50
-4
Sg = 10
éQ = 5%
Pumping rate (i) Q = 50
(i) Q = 100
(i) Q = 200

Any consistent set of units can.be applied to the above problems. The
two-dimensional axisymmetric finite element network selected was .’
the same as that previously described in Section 6.2.5. At the
chosen radius of influence, r'o = 1000, a prescribed head boundary
was imposed. The solution was carried out within the time domain,
10 gt ¢ 10°, by selecting time st ding to t, = tx10%/®
Lt g , by selecting time steps according to t, ,= 15 .
Thé finite element solutions for the dimensionless drawdown-
time relationships, W(u) versus 1/u, for nodal points along the base

of the aquifer and at radial distances r = rw =landr = 4 are

plotted in Figure 6.11. The dimensionless parameter, bQ/a2tmr,
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- was used to characterise the non-linear flow behaviour. The type
curves for the equi.vaient fully Darcy case K = 1/a are also included
for cémparativé purposes. For both locations, r=1 and 4, the curves
for the non-linear flow behaviour lie above the Darcy flow type curve,
and the deviation from the Darcy curve becomes greater as the value
of bQ/a2 Tmr increases.

The radial distributions of drawdown along the aquifer base at
timest = 1, 10_2, 104 are shown in Figure 6,12 for the pumping
rates EQ = 50 and 100, The dotted lines represent the aquifer base
radial drawdown distributions for the equivalent Darcy flow behaviour
in which K = 1/a.

As for the fully screened purely radial flow case discussed in
Section 6,4,1 -~

(i) nbh-linear flow causes additional drawdown components

whic.h,increase as the well is approached;

(ii) non-linear flow becomes fully developed within a relatively
short period of time and henceforth the additional draﬁ—
dowﬁs attributable to non-linear flow remain constant,

Both the above effects are clearly demonstrated in Figure 6,12,

6.5 Variable Well Pumping Rate

In field testing of water Wéll— aquifer systems, the pumping op-
eration ﬂ|13.t is most practicél, easiest to control and thus most
widely used is that in which the well is pumped at a constant rate of
discharge for a specific length of time. Step-drawdown tests in
which the discharge is held constant for a certain period and then

changed, held constant for another period, and so on, are also

i3

@

18]
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commonly undertaken. The same basic procedures are used in an-
alysing the results of both types of test,

In many field tests, the actual pumping rate may vary from the
desired éonstant value for a multitude of reasons. Provided such
variations are not exi::e_ssive and occur at a time after the commence-
ment of pumping long enough for the aquifer response to have slowed
down, the errors introduced by assuming a constant discharge are
sfnall. In contrast, pumping rate variations within early times
when the aquifer response is most pronounced may have considerable |
effects on the flow behaviour within the aquifer.

The finite element models developed in this study allow time
variations of the discharge being pumped from the well to b‘e con-
sidered. As an example, a problem of flow to a ful_ly screened well
with variable discharge was solved, The discharge rate was not in-
stantaneously stepped at the start of pumping as is normally assumed.
Rather, as shown in Figure 6,13, the discharge was ailowed to grad-
ually build up after pumping was commenced until it reached a value
at which it remained constant for the remainder of the pumping period.

The remainder of the data for the problem solved using one-

dimensional ring elements was as follows:-

r_ =1 T =3 s =103
W N
The time domain, 10 £t \{ 102, wasg divided into steps according
tc ti+1 = ti x 101/3 and the same network of elements as previously

described in Section 6.2.2 was adopted. Solutions were obtained for

the cases both including and ignoring the effects of well storé.ge.
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The drawdown-time results from the coxnpute»r. analyses are
shown in Figure 6.14 for the locations r/ry = 1 and 10. For comp-
arative burposes the relationships for the more usual instantaneously
constant pumping rate of @ = 10 as determined by the classical Theis
solution are also shown in Figure 6.14. Although the deviations
from the Theis curve are large in the early times in which the dis-
charge is building up, the solutions rapidly converge to the Theis
solution once a constant pumping rate is attained.

6.6 Aquifer Inhorhogeneity

Several f)roblems were solved to demonstrate that aquifer
inhomogeneity can be readily incomporated into the developed finite .

element programs.

As previously discussed in Section 5.5 when considering steady

=%




DRAWDOWN ho=-h

¥

§oe

SRS R S N R I B L1 gyl !

10-2 1o~} ! i0

TIME ¢

Instantancously constant rate. Q=10. Theis solution.
Finite ¢lement solutions: buildup in well discharge as specified in Figure 6-13

—s e —— Well storage neglected
————— Wwell storage included

FIGURE 6.14: DRAWDOWN-TIME RELATIONSHIPS FOR SPECIFIC BUILDUP

IN WELL DISCHARGE - FULLY SCREENED WELL ~ DARCY FLOW.




123.

state performance, permeability variations ;mrhich occur in a zone
immediately surrounding the well may exert a marked influence on
the flow behaviour. Theoretical analyses for flow to a fully pene-
trating well with permeability reduction or improvement have been
presented in the petroleum industry literature (Van Everdingen (1953),
Jones (1962), Van Poolen et al (1958) ). Dudgeon and Huyakorn
(1975) used finite element ‘technique_s__ to investigate this form of aquif-
er inhomogeneity for both fully and partially screened wells. The re-
sults for a typical problem solved by the author using the developed
finite element programs are presented in Figure 6.15. In all

cases examined - |

(i) deviations from normal flow behaviour were confined to the
affected zone around the well. As shown in Figure 6.15, the flow
within the original unaffected aquifer material obeys the classical
Theis equation;

(ii) as ﬁo’ced by Dudgeon and Huyakorn (1975), shortly after the
commencement of pumping, the flow within the affected zone adjacent
to the well becomes independent of time and is henceforth identical 10
the steady state flow behaviour. This applies to both fully and par-
tially screened wells. | |

Aquifer inhomogeneity in the form of multi-layering was in-
vestigated by Javandel and Witherspoon (1968) who employed finite
element programs using triangular ring elements. In an abbreviated
investigation the author solved various unsteady well flow problems

in multi-layered confined aquifers. The developed two-dimensional

i
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finite element computer programs which employ mainly rectangular
ring elements were used. The general conclusions drawn by
Javandel and Witherspoon were supported by the results obtained.
For 'complefeness the relevant generalisations may be stated as:-

() Multi-layered confined aquifer systems may be considered
equivalent to a single homogeneous layer only when the well is fully
screened and enough time has elapsed since the start of pumping.

(ii) At distances less than twice the total thickness of the lay-
ered system, (r { 2m), the effects of both partial screening and in-
homogeneity may be significant at early times. As time increases,
the effects of in.homogeneity slowly diminish and the effects of partial
gcreening dominate,

(iii) For r > 2m, the effects of partial screening are negligible
for all times, and only the effects of inhomogeneity which sléwly
diminish with time must be considered.

Finite element results for a typical multi-layered aquifer prob-
lem solved by the author are presented in Figures 6.16 and76. 17.

6.7 Discussion

In this chaptér, finite element computer programs have been
verified and used to solve a range of unsteady well flow problems in
confined aquifers. The capacity of the finite element analysis and
developed computer programs to take into account effects not pre-
viously considered has been demonstrated. Substantial deviations
from classicall theoretical flow behaviour have been shown to occur,

In early times after the commencement of pumping, the flow

121
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behaviour may be markedly affected by well storage, variable pump-
ing rate, partial screening and aquifer inhomogeneity. Thus, little
value can be gained, at present, from early time data if conventional
interpretation procedures are employed. If early time data are to
be meaningfully evaluated, then more rigorous analysis, most prob-
ably employing numerical solutions similar to‘those demonstrated
herein, is essential. More thorough early time analysis will of nec-
essity have to include the effects of non-linear flow, well screen loss
and flow friction losses within the well in addition to the complicating
effects already mentioned above, Field testing-of wells in both
Australia and New Zealand, where early time data (t < 3 minutes)
was recorded, has resulted in pressure oscillations be.ing observed
in both pumping and observation wells. The possibility of phenomena
gimilar to water hammer or surging suggests itself but as yet the
pressure oscillations are unexplained, further shadowing the use-
fulness of ear;ly time data in determining aquifer properties.

Fortunately, deviations from the generally expected classical
behaviour océur at early times and/or in the vicinity of the well,
Thus, the accepted and well-known type curve fitting techniques may
be used and are recommended for determining the overall aquifer
characteristics, namely transmissivity T and storage coefficient S.
The noted deviations should, however, be considered and the type
curve techniques only used within the limits in which they are appro-
priate.

If the effects of non-linear flow and/or aquifer inhomogeneity
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adjacent to the well are likely, the construction of an observation

bore close to the well should be considered. Field information from
such an observation bore in conjunction with planned géophysical
logging may enable the aquifer characteristics in the vicinity of the
well to be evaluated. A pressure sensing device attached to the out-
side of the well screen may also be of inestimable value in such cases
since well screen losses may be specifically isolated. The interpret-
ation of data collected fi'om such locations close to the well is made
easier by the fact that deviations from normal flow behaviour caused
by non-linear flow and aquifer inhomogeneity rapidly become in-

dependent of time and equal to those for steady state flow.

i
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7. Experimental Verification of Steady State Non-linear Flow Finite
Element Solutions ’

7.1 General

The fiﬁite element analysis for two dimensional axisymmetric
flow problems incorporating non-linear behaviour was experiment-
ally verified using data obtained dﬁring a joint investigation in which
the author participated. Som'e of the experimental results have been
published (Dudgeon et al, 1972). The majority of the results are un-
published.

A large scale hydraulic model wag used to investigate the flow
toWards partially screened wells in both confined and unconfined aqu-
ifers. A general description of the experimental model and testing
procedures is included in the chapter.

Methods were developed by the author to determine the in-situ
hydraulic characteristics, namely the Forchheimer equation coeffic-
ients a and b, of the aquifer material used in the experiments. The
determined values of the hydraulic coefficients were used in obtain-
ing finite element model solutions of flow problems for comparison
with experimental results.

7.2 Experimental Test Facility

The test facility was constructed with funds made available by
the Australian Water Resources Council Research Project 68/8. A
rigorous.discussion of the design, construction and use of the test
facility has been given by Dudgeon et al (1972 pp. D2-D13), and
only major points will be presented.

The facility was designed and constructed specifically for use

in studying the hydraulics of flow into wells and practical aspects
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associated with well drilling and development, The experimental -
facility, being quite large, enables test wells to be made from full

e
sized commercially available products commonly employed in the
field.

A reinforced concrete tank, square in plan, with internal dim-
ensions approximately 16' x 16' x 11' forms the main component of
the test facility. The square section chosen enables tests to be
carried out on either a circu}ar aquifer of 8 feet radius with a cen-
trally located well, or on a quadrant of an aquifer of 16 feet radius
with the well located in the corner of the tank. The general layout
is shown in Figure 7.1.

The aquifer material is retained by outer barriers formed
from framed sections of 16 gauge perforated metal sheeting having £
15% open area. The inner retaining barriers of 4 feet radiué enable

_ , u
"the aquifer material close to the well to be removed without disturb-
ing -’che bulk of the entire aquifer. The inner barriers were made
from 16 gaugerperfor'ated metal sheet, curved and corrugated fo
allow it to resist compressive loads without buckling, The 45%
open area of perforated sheeting used for inner barriers was suffic-
ient to ensure negligible flow resistance.

The ﬂe:;cible arrangement of pipes shown in Figure 7.2 allows
gravity driven or pumped water supplies to be fed to and drawn from
wells placed at the centre or corner of the tank. A 6-inch centrif-
ugal pump with a 20 HP motor capable of delivering 2 ft. 3/sec.

against a head of 60 feet can be used for forced water circulations.

Discharges are accurately measured by orifice plate meters man-
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ufactured and calibrated to British standard specifications.

Piezometer tappings made from copper tubes are set into the
floor of the tank on a radial line between the corner well outlet and
the diagonally opposite corner. The positioning of the tappings is
shown in Figure 7.3. Closer spacings near the well being pumped
allows more accurate recording of steeper hydraulic gradients. The
copper tubes extend to the outer edge of t}le tank base where a screwed
brass tee enables simple connection of manometers, pressure gauges
or transducers.

. 7.3 Hydraulic Model Testing

7.3.1 Model Description and Test Procedure

The test facility described in Section 7.2 was prepared for test-
ing of a.quadrant portion of a well-aquifer system (Figure 7.1). B

The relevant length well screen was made from perforated
metal sheet curved to form a quadrant of a 10 inch diameter circle,
and installed in the corner of the test tank. The 4 mm diametér
perforations (40% screen open area) were chosen according to gen-
eral screen oéening selection guidelines such that between 30% and
50% of the aquifer material (Figure 7.5) should be retained.

The aquifer material was placed in the test tank to a depth of
5 feet. Care was taken to avoid unnecessary compaction of the
aquifer material during placement.

The vast majority of the air in the pores of the aquifer was
removed when filling the test facility by proceeding very slowly.
As a measure of aquifer uniformity the variation with depth of

effective porosity of the aquifer material was determined by volume
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measurement during the slow filling of the tank and aquifer model.
All air was removed from the system before testing proceeded. This
was achieved by forcing water through the aquifer and pipe network
with subsequent bleeding until no air remained.

A pressure resisting cover has been designed such that flow in
confined aquifers under pressures up to 50 feet of head may be sim-
ulated. At present, construction is incomplete and confined aquifer
tests were carried out by covering the b feet thick quadrant aquifer
with polythene sheeting held in position by several inches of aquifer
material and sealed at the edges of the tank. The sheet simulates an
overlying impermeable layer as shown in Figure 7.4. Water above
the confining sheet applies additional force to hold the sheet down and
at the same time provides the head to drive water through the aquifer
from the outer barrier to the well, the top of which is left open to the
air. Care was taken to avoid vertical leakage to the aquifer.

Unconfined tests were made by lowering the water level to below
the polythene sheeting as indicated in Figure 7.4.

A steady state test was carried out by withdrawing water from
the well and returning it via the recirculating pump to the inlet in the
diagonally opposite corner from where it passes through the aquifer
medium towards the well (see Fig. 7.2). The flow rate as meas-
ured by an orifice plate downstream of the pump was controlled by
throttling the valve in the corner of the tank opposite the well. All
piezometer tappings from the base of the tank were connected to man-
ometer panels on two opposite walls of the tank (Figure 7.3). DBase

pressure head readings were recorded only after all fluctuations in
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manometer levels had ceased.
Thus the basic experimental results of a test consisted of the
discharge and the radial base pressure head distribution.

7.3.2 Further Pressure Measurements

To allow measurement of piezometric heads at various levels
at a given radial position in the aquifer a multiple observation well
was developed. This consisted of a 1ength.of P.V.C, tube with
holés drilled at 1 foot intervals and a series of sliding valves which
allowed tI"le holes to be covered or uncovered as required without
disturbing the piezometer tube or the surrounding aquifer material.
The valves were operated by a rod inserted from the top of the tube.

The pressure at the position in the aquifer of the opened valve was

£

o F
.
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given by the water level in the tube,

Probes made from lengths of P.V.C. tubing continuously per-
forated between 3 and 4.7 feet above the tank base were used to locate
 the free surface in unconfined aquifer tests. For flow in the uncon-
fined aquifer systems tested, the vertical components of flow were
relatively small in the upper portions of the aquifer (near the”free
surface), The head distribution along the pefforated length of such
a tube would be relatively uniform and the water level within such a
probe a reliable indication of the position of the free surface.

An inexpensive stainless steel contact electrode using a low
voltage battery, transistorised amplifier and indicator light was
used for measuring water levels in the well itself, the observation
well tubes and the free surface location probes.

7.3.3 Aquifer Material

A Nepean River gravel consisting of rounded particles was sel-
ected for the aquifer material to be used in the model. The grain
size distribution of this material lies within the band shown in
Figure 7.5 as determined by sieve analyses of various samples.

The grading of the material indicates an aquifer which would
generally be more permeable than aquifers likely to be encountered in
the field, However, the selection of such a coarse material ensured
the occurrence of non-linear flow in the testing of the model and also
guaranteed that capillary effectis wouid be negligible for unconfined
aquifer flow. |

A single Forchheimer relationship was found to give a very good

fit to each of two indep'endent sets of results from permeameter testing
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of different samples of the aquifer material. Particulars of the re-

sults and the fitted Forchheimer constants are given in Table 7.1.
_ o
Table 7.1: Forchheimer Relationships fitted to Permeameter
Tests of Aquifer Material

Data Source | Porosity of Fitted Forchheimer Constants
Tested Sample| a(min/ft.) b(miné/fie)
Huyakorn
(1973) 35% 0.073 0.047
Kazemipour
(1974) 4.0% 0.100 0.038

The sample tested by Kézemipour had considerably more fines
than that tested by Huyakorn,

A comparison of the two fitted Forchheimer curves is shown in
Figure 7,6,

7.3.4 Test Program

To study non-linear two dimensional axisymmefric ﬂovs_r,' two
series of tests for different partial well screenings were carried out
for boih the confined »and unconfined aquifer models.

(i) The first series of tests was carried out with a 3 feet length of
screen placed at the base of the aquifer, As generally shown in
Figure 7.4 the remaining thickness of the aquifer was cased. Several
tesis were carried out to establish the well drawdown-discharge re-
lationship for the confined aguifer model.

" Before proceeding with»’.the unconfined aquifer testing the water
level in the tank was dropped below the polythene sheet and several
days allowed to elapse to guarantee éomplete drainage of the now ex-
posed upper aquifer material, Several tests were performed over

a range of discharges and corresponding water levels within the well,
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For each test in both the confined and unconfined models, the
measurement of the piezometric heads at the floor tappings and the
water level in the well were recorded. Measurements of the vertical
variation in head at certain locations within the aquifer were made for
some tests using the multiple obser%ration well P,V,C, tubes. The
position of the f_ree surface was located at several radial positions
for unconfined aquifer model tesis.

In all confined model testing the water level within the well was
not allowed to fall below the top of the aquifer, i.e. no dewatering of
the confined aquifer occurred.

For all unconfined model {esting the water level in the well was
not allowed to fall below the top of the screened portion of the well,
i.e. no exposure of the screen occurred,

(ii) After completion of all tests for the first partial .screening
geometry, the 3 feet screen was removed and replaced by a 1 foot
screen length placed at the base of the aquifer with the casing again
extending to the aquifer top. In carrying out this task, it was nec-
essary to remove and backfill the aquifer material in the zone within
the inner 4 feet barrier.

As for the first series testing, several tests were carried out

for both the confined and unconfined aquifer models, in that order.

7.4 C(?mparison of Finite Element and Experimental Results
7.4.1 General
In comparing experimental resulis from a well-aquifer model with
numerical solutions, it is essential that appropriate values of the

hydraulic coefficients of the aquifer material be obtained and fed into the
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numerical model.

FEarlier workers (Volker (1969), Trollope et al (1971) ), re-
sorted to permeameter testing over a range of velocities comparable
with those encountered during experimental model testing. While
this approach may be justified in the absence of a more satisfactory
pfocedure, it is unlikely that the physical properties of the perm-
eameter sample will be similar to those of the model aquifer.
Slight changes in such properties as effective porosity and packing
of grains can alter consi‘der'ably the Forchheimer flow equation co-
efficients a and b (Engelund (1853), Dudgeon (1964) ).

| The possibility of large variations in hydraulic coefficients is
clearly illustrated by the results of two independent permeameter
tests on samples of the aquifer material used in the experimental
model (Section 7.3.3 and Table 7.1}.

In the present work, non-linear hydraulic coefficienfs for the
in situ material were determined by applying newly developed pro-
cedures to the results for each series of confined and unconfined
aquifer tests. The so determined single valued ForChheimer co-
efficients (a and b) used in subsequent finite element flow solutions
agsume the aquifer material to be both homogeneous and isotropic.
Despite such simplification, the analysis was verified by the close
agreement between the finite element solutions and the experi-.
mental results.

7.4,2 Flow Towards a Partially Screened Well in a Confined
Aquifer

The diagrammatic arrangement for the model testing is shown

in Figure 7.4. Results were obtained for a sufficient number of
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flows to establish the well discharge drawdown relationship for the
two cases of confined aquifer partial screening considered. For each
test, the total discharge from the full well, Q, was calculated as 4
times the measured test discharge from the quadrant well.

(2) Lower 3 Feet Screened

In the first series of tests the lower 3 feet of the 5 feet thick con-
fined aquifer was screened.

To determine the in-situ hydraulic coefficients, the following pro-
c.edures were applied to the results from the tests which gave total dis-

charges of 63. 6ft3/min. and 124 ftslmin.

Method 1

The base piezometric head readings were converted to drawdowns
(s) and plotted on a semi logarithmic scale in the dimensionless form
s/sw versus r/ry, where ry and sy are the well radius and well draw-
down respectively (see Figure 7.7). Beyond a radius of 8 feet from
the well the drawdown distribution resulis plot closely along a straight
line, thus indicating that any non-linear flow effects are negligible be-
yond this distance, The experimental results clearly become non-
linear as the well is approached. A value of r/ry from the linear
portion of the experimental plot was selected and the corresponding
value of the dimensionless drawdown s/sy was read from Figure 7.7.

Using these values, the equivalent hydraulic conductivity of the

aquifer material was calculated using the Thiem equation QT=-—1§£I—‘—IS7-H:—;)—§——
o :
Test A Test B
Q = 63.6 ft°/min. Q = 124 £t>/min.
Sw= 1.25 ft, By = 3.23 ft.

5 iniches

rw = 5 inches Tw
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o = 16,15 ft. ro = 16,15 ft.
m = 5 ft. m = 5 ft.
ls = 3 fto ls = 3ft0

Point on linear portion of plot - Figure 7.7,

(r/ry = 20.5, s/sy = 0.1) (r/ry = 20, s/sy = 0.08)
Thus, r = 8.55, s = 0,125 r = 8,34, s = 0,258
and K = 63.6 x 1In (16.15/8.55) K = 124 xIn (16.15/8. 34)

22 Ir x5 x .125 2xmgx5x .258
K = 10,31 ft/min. . K = 10,11 ft/min,

The non-linear Forchheimer flow equation coefficients (a and b)
were then evaluated. The value of a was calculated as a = 1/K. A
family of base pressure distribution curves for steady state non-
linear flow applicable to the test model geometry of this series was
prepared and gsuperimposed on the experimental results plotted in
Figure 7.7. The value of the non-linear flow parameter fzsﬁv for the

best fitting curve was obtained and used to evaluate the coefficient b.

Test A Testi B
a = 1/K = 0,097 min/ft. a = 1/K = 0,098 mixm/ft.
bs _ . bs -
-—-—-ﬂz = 6 (Figure 7.7) ——-ELZ = 16
a rw acr'vy

6 % (.09T)2 x .417 16 x ¢, 099)% x 417

b = 1.25 = 3,23

b = 0,019 (min/Tt)> b = 0.020 (min/ft)>

Method 2 -

An alternative procedure for determining the in- situ values of
a and b was also applied.

From the superposition of the base pressure distribution of the

test results and the family of curves for varying degrees of non-

5.0
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linearity (Figure 7.7), the value of 5—;—%‘1 for the best fitting curve
w

was obtained. This value of %ﬂﬁ"— was then used to enter Figure 7.8
43 a r-\’v
. where the effects of non-linearity upon the well drawdown-discharge

performance of the test model system are presented. The value of
c = Q/QT for the corresponding :—:—g—‘f was read from Figure 7.8 and

w
then used in evaluating the aquifer hydraulic conductivity, K.

Test A Test B
_ 3 . ' 3 .
Q = 63.6 ft /min. Q = 124 ft~ /min.
sw = 1.25 ft, Sy = 3.23 ft.
DSy . g (Figure 7.7) Dsw . 45
Q . Q
¢c = —— = 0,58 (Figure 7.8) c = — = 0,44
: Qp e QT
. g = Qp Inire/ry) (Thiem equation)
2 77T M Sy
K 63.61n (16,15/.,417) K = 124 1n (16.15/.417)
0.58x2x T x5x1,25 0,44x2x ;7 x5 x 3.23
K = 10,22 ft/min. K = 10,17 ft/min.

The value of a was again calculated by a = 1/K, and b was found

from the known value of bswlazrw.

a = 1/K = 0.098 min/ft. a =1/K = 0.098 min/ft.
2
b = 6x(.098)2x.417 b = 16 x (. 098)" x .417
. - 1.25 3.23
. 2 , 2
b = 0.019 (min/ft) b = 0,020 (min/ft)

Detérmined in situ values of a = 0,098 min/ft, and b = 0,019
(min/ft)2 were chosen and fed into the finite element model to obtain
theoretical predictions of the experimental flow conditions. In the
finite element analyses, the hydraulic heads along the well screen were

prescribed as the measured water level in the well. In so doing, it
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was assumed that screen losses were negligible.

Figure 7.9 shows a comparison of the finite element solutions
fbr the distribution of base pressure drawdown with the experimental
results from four tests chosen té cover a good range of the well draw-
down. The discharges listed are the experimental discharges. It
can be seen that the determiﬁed coefficients, a and b, led té very good
agreement between the theory and experiment,

The well drawdown-discharge relationship determined by the fin-
‘ite element analysis also'compares very well with the experimental
results shown in Figure 7, iO. The discharges determined by finite
element analyses are within 5% of experimental discharge results.
This is good when it is noted that fluctuations in orifice plate mano-
meter readings were such that for some tests the reliébility of rec-
orded discharge was only 5%.

{b) Lower 1 Foot Screened

In carrying out the series of tests in which the lower 1 foot of
the 5 feet confined aquifer was screened, it was necessafy to remove
and backfill the aquifer material within the inner retaining barrier.
This process could have lead to significant changes in aquifer hyd-
raulic properties. Thus the in situ values of a and b were redeterm-
ined in o, similar manner to that previously described. The test which
gave a total discharge of 55.8 ftS/min was considered in evaluating a
and b |
Method 1

The experimeni;al base pressure distribution results and the

&

A
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superimposed family of curves for varying degrees of non- linearity

are shown in Figure 7.11.

Method 1
Q = 55.8 ftslmin. r = 16,15 ft.
sy= 1.85 ft. m = 5 ft,
r= 0.417 ft. g = 1ft.

Point on linear portion of plot - Figure 7.11 - (r/r,=15.5, s/sw=0.08)

_55.8x1n (16.15/6, 46)
2x g7 x5 x.148

and, a = 1/K = .091 min/ft,

Thus K

= 11,00 ft/min.

= 4 (Figure 7.11)

4:{(.091)2 x 417

. 2
1,85 = ,0074 (min/ft)

b =

Method 2
The variation in well discharge performance with increasing
non-linearity for the test model system is shown in Figure 7.8 in

the form of Q/Qp versus bswlazrw.

Q = 55.8 ft°/min. sy, = 1.85 ft.

- =4 (Figure 7.11)

c = Q/QT = 0,31 (Figure 7. 8)

55.81n (16.15/.417)

0.31x2x 77 x5x 1,85 11,33 ft/min.

Thus, K =

and, a = 1/K = 0.088 min/ft.

2
p o Ax (.0818)85 x.417  _ 5 0070 (min/ft)2

Values of a = 0,090 min/ft, and b = 0,007 (min/ft)2 were fed into

the finite element model to obtain theoretical predictions of the ex-
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perimental results. The newly determined coefficients which were
assumed to be applicable throughout the entire aquifer are significantly
different from those obtained for the 3 feet screened condition

(a = ,098 min/ft. andb = ,019 (min/ft)z).

The aquifer material beyond the inner retaining barrier was un-
changed in the two series of tests and thus the hydraulic properties of
this bulk of the aquifer material should have been the same for both
series. This would suggest a treatment of the problem in which the
material characteristice within the first 4 feet from the well should be

different from those for the aquifer beyond 4 feet and extending to the

outer barrier. The refinement of a two zone radial treatment was

unwarranted as the properties of the material within the inner 4 feet

barrier are decisive in determining both the discharge and drawdown

distributions. Approximately 85% of the total drawdown occurs within

4 feet of the well,

Figure 7.12 shows a plot of the base pressure distribution for
three values of the prescribed well drawdown. It can be seen that
once again the finite element solutions agree closely with the ex-
perimental results.

As a further check on the theoretical analysis, a plot of the well
discharge drawdown relationship is shown in Figure 7.13, Good
agreement between theory and experiment may again be observed
with the maximum difference being only 5%.

7.4,3 Flow Towards a Partially Screened Well in an Unconfined
Aquifer

The diagrammatic arrangement for the unconfined aquifer model



testing is shown in Figure 7.4 for the case where the water level be-

. yond the outer retaining barrier is below the overlying polythene sheet.
" Results were obtained for a number of tests for each case of partial
screening considered. |

(a) Lower 3 Feet Screened

The series of unconfined aquifer tests for a 3 feet screen in the
lower portion of the aquifér were carried out directly after the simil-~
arly screen.ed confined aquii‘e:r test series. As the aquifer material
was not physicallj disturbed, it might be assumed that the same hyd-
raulic coefficients determined for the confined aquifer_model should be
equaily applicable to this unconfined model series. Comparison of
several finite element solutions. with experimental results quickly
showed such a pre;mise to t.we in error and the following explanation is
offered.

When filling the test tank the variation with depth of the effective
porosity of the aquifer material was determined by volumetric meas-
urements. This variation as shown in Figure 7.14 is quite substantial
and indicates the distinct possibility of non-homogeneity of aquifer mat-
erial. The determined values of hydraulic coefficients assume the
aquifer to be homogeneous and as such are an average over the entire-
aquifer. In the confined aquifer testing the averaging has taken place
over a copstant aquifer thickness of 5 {eet. For unconfined aquifer
tests the averaging takes place over aquifer thicknesses varying be-
tween 3.5 and 4.5 feet. Under such circumstances it is not surpris-
ing to find the predetermined coefficients from the confined aquifer

model inapplicable to the unconfined model tests,
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A method of determining a set of in situ hydraulic coefficients
for the 1-mconfined aquifer model was derived and applied to the test
for which the total derived discharge was 34.6 fts/min.

The experimental base pressure results were plotted in Figure
7.15. For the same proble'm geometry, a family of base pressure
curves for varying degrees of non-linearity were prepared and
superimposed on the test results (as shown in Figure 7.15), A point
was chosen on the linear porjcion of the head distribution (far enough
removed from the well for the flow to be essentially radial) and the

effective hydraulic conductivity of the aquifer was determined by the

Dupuit equation,

2
K (hg - hz)

Qp * Tn(ro/T)

The value of the non-linear Forchheimer constant, a, was calculated
as a = 1/K. The value of b/a2 for the curve which best fitted the ex~
perimental results (Fig, 7.15) was used to evaluate b.
Q = 34.6 ftslmin.
r = 0,417ft. r_ = 16.15 ft,
w o
hy, = 3.71 ft, hy = 4.36 ft.
Point on linear portion of plot - Figure 7.15 - (r=7.0ft., h = 4,23 ft,)

Thus, K = 34,8 x In (16.15/7) = 8,25 ft/min.,
T(4.364 - 4,232)

and, a = 1/K = 0,121 min/ft.

From Figure (7.15) b/:a.2 = 0,5 gives best fit.

Thus, b = 0.5 x (.121)2

2
= 0,0073 (min/ft)".
Values of 2 = 0,120 min/ft. and b = 0,007 (min/ﬁ:)2 were fed

into the finite element model and solutions obtained for comparison

with experimental tests,
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Since the water level beyond the radius of influence {as imposed
beyond the o{itér aqﬁifé“r-- retaining barrier) was not the same for all
tests a well drawdown-discharge curve is meaningless since the geo-
metric ratios 'defining the system were aifi'erent' for each test. A
comparison of finite element an& experimental résultant discharges is
given in Table 7.2, In all cases the finite element analysis yielded
discharge vélues which were closer than 6%to the actual experimental
results,

Table 7.2: Comparison of Finite Element and Experimental

Results for Unconfined Model Tests Screened in
Lower 3 Feet.

Well radius ry, = 0.417 ft. = 5 inches
Radijus of influence r, = 16,15 ft,
hy, hg Total Well Discharge Percentage
(ft.) (ft. ) (£t /min) _ Error
Experiment | Finite Element
3.80 4,28 26,9 25,3 -8%
3,71 4,386 34,6 33.4 -319
3.55 . 4.39 42,9 42,2 ' -13%
3. 40 4,45 50,4 51,2 119
3.44 4,53 53.2 54.5 219,
'3.11 4,47 61.8 . 64.9 5%

‘ The base pressure head distributions obtained by finite elemen{
analysis agreed closely with actual experimental results for all six test
cases.

Thé finite element solutions of head distribution and experimental-
results are presented together for comparison in Figures 7.>16 and 7. 17
for the tests having discharges. of 34.6 ft3'/min. and 61.83/min. re-
spectively. The base pressure head distribution and free surface are
clearly shown. At various positions within the aquifer pressure heads

were recorded during experimental testing, For comparative purposcs,




v 60 -
&
50 —
—~ A0~
£
E
S
Y
S~
o
30 —
w
O
[+ 4
<
L.
%]
2}
Q .
" 20 Screen Length = L. =1 foot
x Experimental Results
o -—Finite Element Solution
10 }- : a = 0125 min/ft.
b=0.008 (min/ft)’
o} { | |
o) 2 -4 6 8 1-0
hw
ho

FIGURE 7-21: WELL DISCHARGE -DRAWDOWN RELATIONSHIP
FOR UNCONFINED AQUIFER MODEL,
COMPARISON OF EXPERIMENTAL RESULTS

AND FINITE ELEMEN'I: SOLUTIONS.

(_@_s_.-_-us, ho 979, 2 -3.96 )
ho' rw hO



146.

%

éhbsen to cover the range of well discharge. The discharges listed
are the experimental discharges. e

The finite element solution of head distribution and the experi- |
mental resulis are presented together for comparison in Figure 7,20
for the test having a discharge of 50.3 f1:3 /min., For comparative
purposes, at points within the aquifer the experimental pressure
head value is given above the point and the finite element solution be-
ldw the point in brackets. The finite element solutién is seen to
closely predict the base pressure, the free surface and the head dis-
tribution throughout the flow domain.

The well drawdown-discharge relationship determined by finite
element analysis compé.res favourably with the experimental results
as shown in Figure 7.21. The fit is not as close as was obtained in
other test series, but is still reasonable when the assumption of »
material homogeneity and isotropy in applying the finite element
mod'el and the likelihood of 5% errors in experirhenta.l discharge

valucs, are considered.
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at such points the experimental résult is given above thé point and
the finite element solution below the point in brackets. As can be
seen in Figures 7.16 and 7.17 the finite element solutions give good
predictions of the experimental results throughout the flow domain.

(b) Lower 1 Foot Screened

For the series of tests in which the lower 1 foot of the unconfined
aquifer was screened, the in situ values of a and b were redetermined
in a similar manner to that previously described.

The test which gave a total discharge of 41.1 ft3 /min was con-
sidered in evaluating a and b. The experimental base pressure dis-
tribution results and the superimposed base pressure curves for vary-
ing degrees of non-linearity are shown in Figure 7.18.

Point on linear portion of plot - Figure 7.18 - (r=6.7 ft., h=3.90ft.).

rw =a417 fto, I‘o=16- 15 f.t'.' hW= 2‘55 ft'l ho = 4. 08 fta

Thus, K = 41,1 x In (16.15/6.7) = 8,013 ft/min.

TT(4. 082 - 3. 902)

and, a = 1/K = 0,125 min/ft.

From Figure 7.18 b/a2 = 0.5 gives best fit

Thus, b = 0.5 (.125)2 = 0,0078 (min/ft.)2

Values of a = 0.125 min/ft. and b = 0,008 (min/ft.)2 were used
in the finite element model to obtain solutions for comparison with ex-
perimentai results.

The ‘base pressure head distributions obtained by finite element
analysis agreed closely with actual experimental results in all cases.

Figure 7.19 shows a comparison of the finite element solutions of base

pressui‘e distribution with the experimental results from three tests
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8., Discussion - Application of Results in Well Desgign

8.1 General

T'inite element numerical procedures have been formulated to
solve problems of flox.;v to pumped wells, Ccmputer programs were
developed and verified by comparison with known analytical solutions
and experimental results from an electrolytic tank analogue and a large
scale sand-box type model. The proven programs were then used to
investigate a wide range of axisymmetric well flow problems for which
no previous solutions existed. Cases involving unsteady flow in con-
fined aquifers and steady flow in both confined and unconfined aquifers
;vere solved,

For unsteady flow to a well in a confined aquifer, the deviations
from the normally assumed theoretical flow behaviour arising from
non-linear flow, well storage, partial penetration, var:iable pumping
rate and aquifer inhomogeneity were investigated and discussed in
Chapter 6. The above effects were shown to exert considerable in-
fluence upon the flow behaviour during early times and in the vicinity
of the well, However, the determination of overall aquifer trans-
missivity and storage coefficients (T and S} by normal type curve an-
alysis of field pumping test data was shown to be satisfac’;ory provided
the generally accepted limits of applicability are not exceeded. Reg-
ional aquifer éharacteristics are required for effective aquifer
management if safe yields are to be determined, A reliable estimate
of transmissivity derived from unsteady field testing data is also re-
quired for the design of wells.

Since well design is based upon steady state (long term) pumping
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béhaviour and a major objective.of this thesis was to provide new in-
fbrmation for optimisihg design con.siderably more effort was devoted
to steady rather than unsteady flow problems. An extensive study of
'st.eadsr st»ate well performance in both confined and unconfined aquifers
under various conditions was completed. | Particular emphasis was

placed on the effects of near well ‘flow behaviour. The resulis in
general dimensionlesé terms enable the hydraulic performance of
maty weil— aquifer systems {o be estimated. With'these results, opt-
jmum well design becomés possible. For a given‘aquifer, alternative
well configurations may be considered, the performance of each est-
imated and the optimum well selected on an economic basis which will
be peculiar to the particular locality.

The performance of simple well-aquifer systems may be pre-

- dicted by available analy’ciéal methods. These solutions havé been in-
corporated in the presented design figures and tables.

For casés not covered, further sets of design data could be pre-
pa'réd using the finite element programs. However, for complex sys-
tems the multitude of controlling dimensionless parameters may make‘
th-e preparation of design charts impractical because of the large number
of graphs required. In guch cases, individual use of the finite element
programé is recommended for solving specific problems.

In conplﬁding this thesis, a general review of the relevaﬁt design
vé.r_iables will be given, followed by s;pecific discussion of the results
obtained in previous chapters in regard to their relevance 1o optimising

well design. The discussion has been divided along conventional lines
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into sections dealing with confined and unconfined aquifers. The well
drawdown-discharge relationship has been emphasised rather than the
distributions of head and velocity within the aguifer. Brief mentionis
made of these distributions where considered particularly relevant.

8.2 Well Design Variables

8.2.1 Aquifer Properties

In selecting a well f or a given location many of the relevant
vériables are beyoﬁd the control of the designing groundwater hydroi-
ogist., These varia;bles relate to the type, thickness, extent and flow
properties of the aquifer system.

Drill sampling, geophysical investigation, well logging and field
pumping tests may be undertaken to ascertain such aquifer variables.
As previously stated, conventional type curve analysié. of field data is
adequate for determining overall "average' aquifer _ﬂ&v character-
istics S, T and K.

Near well aquifer properties exert a disproportionately large
effect on well performance. Current testing and analysis procedures
do not normally allow such local properties as non-linear flow and
aquifer inhomogeneity constants to be evaluated. As discussed in
Chapter 6, relatively simple analyses can be undertaken to evaluate
near well properties provided additional field test data from observ-
ation pressure tappings close to and/or adjacent to the well are avail-
able. In general very few wells warrant the cost and extra difficult-
ies associated with obtaining this additional information. The alter-
native is to estimate near well aquifer characteristics from experience

or published data and the normally obtained data from drilling logs and
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samples.

Non-linear Flow Characteristics . &

In this thesis, particular importance was placed upon examining

the effects of non-linear flow on the behaviour of well- aquifer systems.

A Forchheimer non-linear velocity-hydraulic gradient relationship

~with single valued coefficients a and b was chosen and was shown to
give a close representation of material flow behaviour for a wide range
of flows involving both Darcy a.Ind non-linear regimes (Chapter 2).

It should be npted that non-linear flow effects are normally not
likely to be significant beyond a radius of several metres from the
well. Beyond this distance, which varies with the agquifer material
and well geometry and drawdown, the non-linear term bV?2 in the
Forchheimer equation becomes insignificant and the flow may, if re-
quired, be described by Darcy's law I= aV or V =KI. | _ | -

Lindquist (1933), Ergun (1952), Schneebeli (1955) and Irmay

(1964) have all offered specific expressions for the determination of a

and b in terms of porosity, fluid viscosity and some characteristic

length term of the porousr medium matrix. Ward (1964) and Sunada

(1965). obtained general relationships in terms of viscogity alone that

gave a as being proportional to b2 and b5/3 respectively., = All the |
above expressions are of little practical significanée since they were |
derived from limited flow range permeameter testing of either ideal-
ised porous media or media of limited size and/or uniformity.

" Both Dudgeon (1964) and Kazemipour (1975) have permeameter

tested unconsolidated porous media over extended velocity ranges
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covering hoth the Darcy and non—lineaf regimes, The materials tested
by these two workers included river gravels and sands, crushed dol-
erites and marbles, Typical of a wide range of unconsolidated aquif-
er sediments, the tested materials varied in both the size and distrib-
ution of the grains., The combined range of materials tested may be
most easily described by,

0.25 ¢ d, \< 90mm

0

1 £ dsoldlogiz

10"1\< K-1/a < 10 cm/sec.

where: dqg is the diameter that 10 per cent of the

material is finer than;
dgg /d10’ the uniformity coefficient, is an
index of the variation of particle size grading
within the material;

and K is the hydraulic conductivity obtained from
the Darcy flow portion of the test results.

For each material tested by either Dudgeon or Kazemipour, a
single Forchheimer expression (I = aV + sz) was fitted to the perm-
eameter velocity-gradient results in the manner described in Chapter 2.
These values of aand b é:re plotted _against one another in log-log form
_in Figure 8.1. The straight line drawn through the points in Figure
8.1 obeys tfxe equation,

4/3 8. 1)

a=2,5b
where the units are centimetres and seconds, At low flow velocities,

where Darcy's law is valid, the expression a = 1/K applies since the
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non-linear component sz becomes negligible. The relationship,

b/aZ = 0.5 K4

(8.2)
(K in centimetre/sec)
may thus be used to estimate the dimensionless severity of non-linear
flow in terms of the hydraulic conductivity of the aquifer. The value
of K will in general be determined from conventional field testing and
type curve analysis or may be estimated by experienced personnel.
The importance of equation (8,2) cannot be overemphasised.
An estimate of the non-linear flow dimensionless parameter, b/ az,
may be made merely on the basis of the aquifer hydraulic conductivify.
The reliability of this estimate is adequate for unconsolidated aquifer
sediments since in most cases, a considerable error in the value of
b/ az will not materially affect the choice of an optimal_design.

8.2,2 Well Variables

The designer has almost complete control over well variables
which include the type of construction, the »diameter and the type,
size, location and length of the intake sections of the well. These
variables interact to determine the well drawdown-discharge perform-.
ance for a given set_of aquifer variables., In general the available
alternatives will be limited by such things as the capability of drilling
plant, the range of accessible commercial well components and the
available power supply facilities.

During construction of a producing well, the hydraulic character-
istics of the aquifer material immediately surrounding the well may

be significantly altered. The degree to which such near well
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inhbmogeneities affect well performance depends upon such factors as
the well geometry and the extent and type of screens and gravel packs.
Til'e possible effects of drilling and development on the properties of
tﬁe aquifer close to the well should be given careful consideration
when the predicted performance of trial designs are being compared.
Reference should be made to Dudgeon and Cox (1875) and Dudgeon and
Huyakorn (1975) for information on this subject. |

.8.2.3 Radius of Influence

In estimating steady state well-aquifer performance, some value
for a radius of influence, ry, beyond which the original hydraulic head
levels are virtually unaffected by pumping, must be assumed. The
radius of influence is governed by both the aquifer properties and the
rate at which the parficular well is pumped,

For confined aquifers of infinite extent, the concept of a,r.adius
of iﬁﬂuence is theoretically unjustified since the cone of depression
will continually expand ad infinitum. Hoﬁrever, practical and commonly
assumed values of 1000 { ro { 5000 metresare éccepted as reasonable
for confined aquifers whilst values 100 { ro < 500 metres suffice for
unconfined aquifer single well flow problems.

Although the choice of radius of influence affects the predicted
draWdondischarge relationship, the effect is not large for practical
vé.lues and the relative performance of different designs and thus the
selection of the optimum are virtually unaffected.

8.2.4 Practical Range of Variables

When ascertaining the practical range of the relevant well design

variables that needed investigation, particular attention was given to
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Australian conditions. An Australia wide survey of existing production
wells was undertaken with detailed reviews being made for the Eastern
States from which data were more readily accessible. Only wells in
the many aquifers formed by uncongolidated sedimentary formations
which include alluvium of co:astal and inland rivers, coastal sediments,
lacustrine and some aeolian deposits were considered.

Wells in fractured and porous rock aquifers were not considered
in deriving the ranges of the variables for design investigation., This,
however, does not mean that the presented design information is in-
applicable to such aquifers. It merely means that the range of the
design data may not directly cover well flow problems in rock aquifers.
Reasonable extrapoléﬁon of the presented design data may be used to
solve such problem s which lie outside the range for Wh}ch solutions
have been obtained.

Important aspects of the Australia wide data review will now be
discussed. :

(a) The range of aquifer material flow properties encountered was
found to fall within normally quoted worldwide values:

(i) 10 < Transmissivity, T < 104 metrezlday

(ii) 10_3<Hydraulic Conductivity, K <10 cm/sec

(1ii) 10"5 { storage coefficient, S < 10—3 for confined aquifers.
For unconfined aquifers storage coefficients are in the main approx-
imately equal to the specific yield and range between 0.1 and 0. 3.
(b) Several significant points relating to current well construction

practice were noted. Approximately 70% of wells employ wire wound

screens whilst of the remaining 30%, most use slotted casing. Gravel
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pécking is used in about 35% of completed wells,

“(¢) Screen and casing diameters normally do not exceed 0.4 metres
“except for gravel packed wells which are generally limited to 0.6
‘metre diameter. As discussed in Sectiﬁn 5.8, in highly permeable
coarse unconfined aquifers large diameter (up to 2 metres) wells
may be found,
(d) Well depths generally do not exceed 150 metres.
(e} Well discharges rarely exceed 200 litres/sec., Yields between
25.and 100 litres/sec are most common,
(f)r . The occurrence of both confined and unconfined aquifers is
common within Australia whilst individual regions may have pre-
dominantly more of one type than the other.
The following points of interest were noted as pertainin.g to
confined éqﬁi;fers:
(i) Confined aquifer thickness rarely exceeds 65 metres.
(ii) Current practice heavily favours tapping the full thickness
~ of the aquifer or at least a high proportion of it as the following

breakdown of 'the reviewed data illustrates;

Screen Ratio, lo/m Proportion of Wells
1 fully screened 65%
L5 - 1 | 15%
5o~ LT5 15%
.25 - .5 » 5%
< .25 Negligiblé

Although this trend to high screening ratios is current
practice, it is not necessarily good practice. Further discussion

is to be found in Section 8. 3. 4.

1
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(iii) In most cases (90 - 95%) the aquifer thickness to well radius

B ~ ratio, m/ry, is less than 160. Solutions obtained by the author,
10 < m/ry \< 80, may be readily extrapolated to nﬂrw = 160 and
thus the available design results cover most eventualities.

" (iv) In a detailed review of 150 wells in confined unconsolidated
sedimentary river basins within the State of New South Wales, the well
drawdown-radius ratio, sy /ry, varied between 15 and 700. The non-
linear term b/ az. estimated from the hydrauiic conductivity K of the
aquifer bj equation (8.2), was combined with sy/ry, for each well to
obtain the parameter bsw/azrw. Values of bsw/azrw varied between
0.1 and 25 whilst the majority fell within the range 0.5 10 7. The
effects of non-linear flow are significant for values of bsW/aer as low
as 1. Thus substantial non-linear flow effects are a distinct possibility
o ' in many Australia confined aquifer situations. |

The following pertinent points were noted for wells in unconfiﬁed
aquifers:-

(i) Unconfined aquifer thickness ranges between 5 and 150 metres.

(ii) The lower porrtion of the well is generally screened. The
most common practice is o drill to the base of the aquifer and screen
the lower ¥ to 1/3 of the aquifer., This is in line with nofmé.l world
practice in unconfined aquifers.

(iii) For conventional screened wells, the undisturbed water level,

height to well radius ratio, hg/rw lies within the range 25 to 400. Sol-

A

utions obtained by the author, 50 { ho/rw é 200, cover a more pract-
ical abbreviated range and may be readily extrapolated to cover all

cases.
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(iv} For bottom entry large diameter»wells (see Section 5, 8),

the value of ho/rw rarely exceeds 50. Well performance in the
majority of such cases may be estimated by extrapolation of the
trends obtained by the author when investigating such problems
within the range 5 ho/ry £ 20,

(v) Hydraulic conductivity values of K >0.075 cm/sec are
common., Corresponding values of the non-linear dimensionless
term b/a?, estimated from equation (8.2) for such unconsolidated
aquifer materials, can thus be expected frequently to exceed 0,02.
As shown in Figure 5.36, non-linear flow exerts a\ considerable in-
fluence upon unconfined aquifer well flow performance for values of
b/a2 >0.02. Thus it is important to consider non-linear flow in
designing wells for unconfined aquifers. Under Australian con-
ditions, non-linear flow to wells in unconsolidated unconfined aquif-
ers may be the norm and wholly Darcy flow the exception rather
than the more éommonly assumed situation in which the flow is
considered fully Darcy in the majority of cases.

8.3 Design Criteria for Wells in Confined Aquifers

8.3.1 Uniform Homogeneous Aquifer - Single Screen in Top or

Base

The effects upon well performance of partial screening and
nqn-linear flow were investigated in Sections 5.2 and 5.3 for flow
to a well in a uniform homogeneous isotropic confined aquifer.
Partial screening as considered was in the forfn of é single length
of screen adjacent to either the top or the base of thg aquifer.

Deviations from Darcy one- dimensional radial flow attributable

to either partial screening and /or non-linear flow were negligible

E2]
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at the chosen value of radius of influence ry = 10m and for r > 10m

the flow could be described by the Thiem equation,

s = hg-h = Qln{r,/r)/27 K m (8.3)
where K = 1/a

Based on the results obtained for ry = 10m, well performance
at values of ro/m > 10 was evaluated by a gimple process in which
the Thiem équation was applied in externding the flow beyond ro = 10m.
A comprehensive series of hydraulic design graphs was prepared in
this mamner and is presented in Appendix 3 (Figures A3.1 to A3.24).
The figures are presented in tefms of the dimensionless variables
Q/QT,bsW/aer, lg/m, m/ry, ro/m. The discharge Qpwith which
the predicted well discharge is compared is the Thiem equation dis-
charge assuming fully radial Darcy flow, i.e. QT= ZﬂKmswlln(ro/rW).
Well performance, Q/Qr,is plotte.d as a function of bsw/azrW for
various partial screening ratios 1g/m. Individual figures apply for
specific values of m/ry and ro/m within the ranges 10 {m/ry € 80
and 10  ro/m 500,

The relatively simple cases of full screening and/or Darcy
flow are incorporated in the design figures.

In the past there has been considerable debate, with confusing
and conflicting opinions being offered, as to the circumstances in
which non-linear flow may substantially affect well performance.
The importance of the composite non-linear dimensionless term,
bsW/azrW should thus be stressed. The material non-linear flow

behaviour dimensionless term b/:a.2 iz seen from equation (8.2) to
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iﬁcreaée with the hydraulic conductivity,” The values of well d;awdo‘wn
and radius are however equally as important as the material behaviour
térm b/az. None of the component terms, b/az. s, OF T, may be
discussed in isolation, since their effects are all closely interwoven.

It is the complete composite term bsW/ a?rw which governs the magnitude
of the deviations from normally assumed Darcy flow behaviour. A rel-
atively large diameter well in a coarse gravel material (high b/ a2
value) may exhibit significant non-linear flow deviations at low draw-
down. Alternatively, a well in a fine aquifer material (low b/ az value)
may exhibit similarly significant non-linear deviations due to high
drawdown and/or small well radius.

To illustrate the use of the design figures of Appendix 3 for com-
paring the performance of alternative well designs, a typical problem
was investigated in which the effects of well diameter, bartial gcreen-
ing andrnon-linear flow were considere.d. The basic aquifer data
assumed for the problem were m = 8 metres and K = 10-1 cm/sec.

A value of r, = 1600 metres was chosen and the well discharge for a
drawdown of Sy = 30 metres was evaluated for three well radii,

ry = 0.1, 0.2 and 0.4 metres and three partial screening ratios,

lslm.=_ 0.2, 0.6, 1, Well discharges were evaluated for non-linear

flow by using equation (8. 2) to estimate b/az = 0,028 from K=10- 1cm/sec.
and then combining this value of b/a2 with syw/rw to give the terfn

bsW/ azrW required to enter the relevant figure. For comparative
purposes the well discharges assuming fully Darcy flow were also

evaluated. The resultant estimates of discharge for the various well

configurations are given in Table 8.1,

-
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Table 8,1: Values of Well Discharge for Typical Example of
Alternative Well Configurations.
m=8 metres K = 10°1 em/sec r. - 1600 metres

o
8y = 30 metres,
Ry . 2 5/4_ ' Values of Q
For non-linear flow: b/a“ = 0.5K - 0.028 (litre/sec!
| bsy | Reference| QT 1g/m
figtres m/ry | ro/m a’ry | Figure (litre
sec) 0.2 0.6 1
0.1 80 200 |[Darcy A3.23 . 156 75 131 156
0.2 40 A3.17 1638 93 146 168
0.4 20 A3.11 182 109 161 182
0.1 80 200 8.4 | A3.23 156 58 115 145
0.2 40 4.2 A3.17 168 80 137 160
0.4 20 2.1 A3, 11 182 97 165 177

It can be seen that for small screening ratios and/or non-linear flow,
the improvement in well discharge caused by doubling the well diameter
can be significantly greater than the commonly quoted ¥alue of 8% which
applies only for Darcy flow to a fully screened well. In this example,
doubling the well radius from 0.1 to 0.2 metres for a partial screening
ratio 1g/m = 0.2 when non-linear flow is coﬁsidered resulis in in-
creasing the well discharge from 58 to 80 litres/sec., i.e. an improve-
ment of 38%.

Sufficient data can be extracted from the design figures to enable
drawdown-discharge curves to be plotted for particular well gcometries
and aquifer characteristics. Each drawdown is taken in turn and the
correspond{n.g discharge calculated in the manner described in the
above exampieu. In this manner cuite elaborate comparisoun between
alternative well designs can be accomplished and the optimal well

selected.for various sets of consiraints.
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From the overall general design Figures A3.1to A3.24, par-

~ticular results may be extracted and graphs drawn to illustrate the

effects of specific variables upon well performénce. For instance,
the effects of partial screening (1g/m) and well radius (m/ry) may be
isolated as shown in Figure 5.8 for fully Darcy flow to a well with
ro/m = 10. Typical non-linear flow cases illustrating the effects
of both m/ry and ro/m are shown in Figure 8.2. By extrapolation
on this type of specific graph, .the ranges of the variables covered by
the design figures of Appendix 3 may be readily e:&ten‘ded.

Asg previously no;ued, the distribution of discharge flux and hence
velocity at the intake portion of the well is impor'tant in regard to sand
entry and corrosion/encrustation aspects of screen design., Typical
flux distributions into partially screened wells are given in Figures
5.11 and 5.15 for Darcy and non-linear flow respecti\}ély. In all
cases, the average discharge flux, Q/ls, and thus the average velocity
occurs at a point 0.75 15 along the screen from the end adjacent to a.
confining bed. The maximum discharge flux occurs at the end of the
gcreen most removed from a confihing bed and can exceed twice the
average Q/lg valué for small values of the partial screening ratio
lg/m. The distribution becomes more uniform as complete aquifer
screening {(lg/m = 1) is approached. When non-linear flow occurs,
the greater‘ the degree of non-linearity of the flow (as measured by
bsy/alry,) the more uniform the distribution becomes, all other
things being equal.

8. 3.2 Radial Inhomogeneity

The effect of a zone of altered permeability around a well in

an otherwise homogeneous aquifer was investigated in Section 5.5.
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This inhomogeneity may be natural, artificially created by a gravei'
pack or may result from drilling or development during completion of
the well.

As described in Section 5.5.2, analytical solutions can be ob-
tained for the special case of flow to a fully screened well irrespective
-of whether the flow be Darcy or non—lineaf within either the affected
zone close to the well or the bulk of the homogeneous aquifer. The
_wellﬂpgrformance wag shown to be substantially decreased by permeability
7 relduction in a zone adjacent to the well, The severity of such perm--
eability damage upon well performance clearly .s;tresses the need for
care in drilling, construction and development of the well. In partic-
ular, damage due to mud invasion‘ rﬂay be both extensive‘ and severé
(Dudgeon and Cox (1976 ). The improvement in well performance
due to a zone of increased permeability of specific radial extent was
shown to approach an upper limit at large values of K5/Ko, the ratio
of the,perrﬁeability in the altered %one to the overall permeability.
This upper limit for improvement in well performance was shown to-
correspond to a-n effective increase in well radius to the radius of
the effected zone.

.Analytical solutions do not exist for partially screened wells
gurrounded by a zone of altered permeability. Finite element sol-
utions for such cases in which the flow obeys Darcy's law throughout
the aquifer s_ystem were obtained and discussed in Section 5.5. 3.

The effects of near well permeability variation upon well performance
wére shown to become more pronounced with decrease in the partial

_ screening ratio 1g/m. Thus permeability improvement or reduction

5
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within the affected zone should respectively encourage or discourage
the designer' to adopt small partial screening ratios.

The more general case of non-linear flow to partially screened
wells with radial inhomogeneity has not been treated. A very great
number of graphs would have to be provided to cover such cases.

8.3.3 High Permeability "Fingers"

The. improvement in well performance attributable to the presence
of "fingers" (thin bands of material of limited areal extent) of high
permeability material intersected by the well was investigated in
Section 5.6. Only wholly‘Darcy flow to fully screened wells was
considered,.

The results clearly indicated the likelihood of substantial con-
tributions to well discharge arising from such thin "fingers" of high
permeability material. Values given in Table 5.9 m_aSr be used as
a guide to the relative sigﬁificance of the variables involved.

The investigation indicates that it is important to exercise
care during drill sampling and geophysical logging so that thin high
permeability bands are detected.

More complex cases involving non-linear flow and/or partial
screening warrant individual numerical computer solution. The
computation cost for such cases would be relatively high because of
the fine network required in the finite element analysis.

8.3.4 Multiple Screens - Alternative Placement of Partial
Screening Sections

In previous sections 8.3.1 - 8.3.3, partially screened well
problems were concerned with the screen being placed at either the

top or the base of the aquifer. If alternative screen placements and/or
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rmltiple screened lengths are used, the total discharge for a given

drawdown in the well can be predicted by subdividing the aquifer

by horizontal planes drawn through mid-points of screens and midway

between adjacent screens as shown in Figure 8.3.
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Each portion of the aquifer can then be treated as a separate aquifer

using the information provided in previous sections. Superposition

will give the total well discharge.

[

The technique described has been used to examine the effect of

placing a partial screen at the mid-point of the aquifer rather than

at the top or bottom.

The method was checked by comparing results

with finite element solutions cbtained by direct use of the computer
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programmes for several of such cases. Results were found to be
identical, Similarly, the effect of dividing a screen into two por-
+ions was investigated. The resulting improvements in well per-
forrﬁance over a single screen at the top or bottom of the aquifer
are shown in Figure 8.4 for both alternative screen configurations
studied. For values of ro/m > 50, the condition usually met in
prac‘tice, the improvement over a single screen at top or bottom
Wés found to be independent of m/rw. For the centrally screened
condition the improveme’n’c wasg also independent of the degree of

: non-linearity of the flow.

As shown in Figure 8.4, the improvement in discharge is rel-
atively insignificant when more than 75% of the aquifer is screened
(currently the normal practice in Australia as discusged iln Section N
8.2.5) but rapidly increases with decreasing screen length. The
high percentage improverhent in diséharge for small values of the
screening ratio 1S/m' should encourage the designer to consider

multiple screening of minor portions of confined aquifers.

8.3.5 Multi-layered Aquifers

Problems involving flow to a well screened through a portion
of a multi-layered confined aquifer system were investigated in
. Section 5.4.
For j:he simplified case of wholly Darcy flow to a well that
fully screens all aquifer 1é.yers, the total discharge for a given draw-
down can be calculated by adding the discharge from eab_h layer

ireated as a separate aquifer. The flow will be everywhere radial
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and may be described by the Thiem equation within eéch layer (see
Section 5.4, 1},

As discussed in Section 5.4, 2, if the flow within any of the
aquifer layers is non-linear, the flow will not be everywhere radial
even for the fully screened case. Complex multi~-layered aquifer
problems involving non-linear flow may be solved by direct applic-
ation of the computer programs. To give an indication of the import-
ance of the reievént variables, an investigation of fully screened two-
layered aquifef systems involving non-linear flow in fhe upper layer
was made using the finite element programs., It was shown that the
error in well discharge caused by adding the discharges from indiv-
idual layers determined by assuming radial flow is not significant
for the following practi.cal range of cases,

10 {m/ry 100, ro/m) 10, 0.2{mg/m 0.8, bé\;/azrw<25
where my is the thickness of the layer in which non-linear flow
occurs whilst m is the total aquifer thickness.

In problems concerned with partial screening of multi-layered
confined aquifers, particular cases must be solved by direct use of
the computer programs since the number of variables is too greaf
to allow the majority of cases to be covered by é reasonable number
of dimensionless plots. For the special case of wholly Darcy flo_w
in a two layer aquifer-aquitard system in which the more permeable
aquifer layer is fully screened a'Lnd the aquitard layer is unscreened
(see section 5.4, 3), the effect_ of the unscreened aquitard layer on
the flow can be ignored if lel/mKZ > 10. ~ The symbols have been

defined in Figure 5.18. The results of this aquifer-aquitard
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investigation may be used as a guide to the relative importance of
various layefs in more complex multi-layered aquifers. Clearly

“thin low permeability (aquitard) layers may be ignored and in gen-
eral should not be screened since the discharge contributed will be

negligible.

8.4 Design Criteria for Wells in Homogeneots Unconfined Aguifers

8.4.1 Well Partially Screened at the Base of the Aquifer-
Drawdown to Top of Screen '

As noted in Section 5.7.1, wells in unconfined aquifers should
not be screened throxighout the entire thickness of the aquifer since
such a procedure results in dewatering of the screen with attendant
corrosion and encrustation problems. The general practice is to
screen the lower portion of a well which fully penetrates the aquifer.
Drawdowns which expose the screen should be avoided, Thus, the
limiting and most important problem is that in Whiéh the water level
within the well is drawn down to the top of the screen. This case
results in maximum values of well discharge and free surface draw-
down and was investigated in Sections 5.7.5 and 5. 7. 6 for D;a.rcy andl
non-linear flow respectively. The unsaturated zone was neglected
in the reported studies since its contribution to the flow to water
supply wells is insignificant. In problems of land drainage, however,
the unsaturated or capillary zone may be important.

Particular expressions and general guidelines for free surface
profiles and drawdown distributions within the aquifer werc discussed
in the relevant sections 5.7.5 and 5.7, 6 to which the reader ié

referred.
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The discharge flux distribution at the well screen is important

in relation to practical gcreen gelection, Typical flux distributions

for partially screened wells in unconfined aquifers are given in

Figures 5.34 and 5. 39 for Darcy and non-linear flow respectively.

The trends in flux distribution behaviour are similar to those for

partially screened wells in confined aquifers:

(1)

(i1)

(iii)

(iv)

(v)

The average discharge flux, Q/1g, and thus the

average velocity occurs at a point 0.75 1g above
the base of the screen.

The maximum flux occurs at the top of the screen
and can exceed twice the average value Q/1g.

The flux distribution becomes more uniform with
increage in both 1g/he and ho/rw.

The flux distribution becomes more unifor_n"x as

the degree of non—].inearity_(mea,sured by b/az)
increases, all other things being equal.

Flux distributions for ro/ho = 2 are r_epfesentative'

for any larger radius of influence.

n the investigation of wells in unconfined aguifers reported

in Chapter 5, major consideration was given to the determination
of well discharge and free surface water level just outside the well.

The estimation of such values will now be separately discussed for

Darcy and non-linear flow.

(a) Darcy Flow

Table 5.12 gives data which allows the discharge and free

surface level at the well to be calculated if the well is drawn down

level with the top of the screen, there is no head loss through



169.

the screen and the flow is wholly Darcy. The results are presented
in térms of the dimensionless variables,
Q/Kh %, helhgs Tolhor holTws ls/ho = /by
The effects of partial screening can be plotted for specific cases
in a manner similar to that shown in Figure 5.30. In all cases, the
Dupuit expression,

Qp= MK (ho2 - hwz)/ In(ry/ ry) - (8.4)
was fouﬁd to givé a reasonably accurate estimate of the well dis-
charge only if 70% or more of the aquifer is screened. |

Maximum values of well discharge and free surface drawdown
were found to occur when between 40% and 50% of the aquifer is
screened. Figure 5.31 shows these maximum possible values for a
practical range of hg/ry and ro/hg values.

Reasonable extrapolation beyond the range of the lvariables
covered by Table 5,12 can be made, preferably by graphical means.

In 2]l cases, the flow was essentially radial one- dimensional
for r » 1.5 hy and beyond this distance from the well the Dupuit
equation
h " -h = Qln (ro/r)/er (8.5)
could be used to describe the flow. ‘Thus a simple arithmetic pro-
cedure exists for extending the results obtained in Table 5.12 for
2 £ rolh0 <‘16 to a wider radius of influence r > 16 h if required.
Such a process in which the Dupuit equation {8.5) is applied in extending
the flow beyond a gi'ven radius has been verified by deriving the results

for ro/h0> 2 from the values at I’O/ho = 2 and comparing them with

the finite element results of Table 5,12,
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(b} Non-Linear Flow

When non-linear flow occurs near the well the dis'charge will
be less than that for the comparable wholly Darcy flow case, Data
which allows the discharge and free surface water level outside the
well to be calculated are given in Table 5.13.

. The results are presented in terms of the dimensionless
variables,
aQ/hOZ, h

f
A typical plot of part of the data of Table 5.13 is given in

/h,r/h,h/r,1/h =h /h,blaz.
9] Q0.0W 8 0 w o

Figure 5.35, With increasing non-linearity as measured by b/32
there is a dramatic reduction in well performance and free surface
drawdown.

The critical screening ratio at which maximum discharge and
free surface drawdown occur increases with b/a2 (see'Figure 5,36).
Figure 5.36 also clearly shows the maximum possible values of
discharge and free éurféce drawdown for non-linear flow to
partially screened wells drawn down to the top of the séreen for the
condition rolho = 2,

As discussed in Section 8, 2.5, unconsolidated aquifer material
properties within Australia are such that values of the dimensionless
non-linear term b/a2 greater than 0.02 are frequently encountered.
Figure 5.36 clearly illustrates the increasingly marked influence
that non-linear flow may exert upon unconfined aquifer well flow be-
haviour for values of b/ a2> 0.02. The importance of the data of
Table 5,13 in aiding the designer to estimate well performance in-

cluding non-linear flow for partially screened wells is apparent.
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Non-linear flow effects were found to be negligible at
r=r. = 2h0 even for the extreme case b/a.2 = 100, The flow s
could be described by the Dupuit equation (8.5) for Darcy flow
K = 1/a) fof r ) 2h0. Thus extrapolation of the data of Table
5.13 to larger values of rO/ho can be made arithmetically assuming
Dupuit flow beyond r, = ZhO. The procedure is similar to that dis-
cussed for the Darcy flow case.

8.4.2 Well Partially Screened at the Base of the Aquifer—
Well Not Drawn Down to Top of Screen

If the maximum &rawdoxvn without screen dewatering is not
utilized the discharge will be lower than that for the limiting case
of drawdown to the top of the screen discussed in Section 8.4.1.

A range of such cases was investigated for Darcy flow in Section *
5.7.7. The well discharge and free surface water level results
may be f'ound in Table 5.14. In all cases, there was a linear
variation of well discharge and free surface drawdown with hW/ ho
between hW = ls and hw-z ho; Thus the well discharge and free

‘ surface water level just outside the well may be predicted by lin-
ear proportioning from the data for drawdown to the top of the
screen, This is demonstrated in Figure 5.40;

The distributions of both dimensionless drawdown (ho-h) /
(ho-hw) and discharge flux in such cases hw> ls_are the same as
for the limiting condition of drawdown to the top of the screen
h = 1S.'

The case of non-linear flow has not been e#amined in detail

but it is considered that an approximation to the well discharge can

be obtained by the method described above for Darcy flow. Such
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estimates would be conservative, For more precise evaluation,
individual problems can be solved by use of the computer programs.

8.4.3 Well Partially Screened above the Base of the Aquifer

Table 5. 15 gives data from which both well performance and
free surface drawdown at the well can be predicted if the screen is

situated above the base of the aquifer and the well is drawn down to

' the top of the screen. Only fully Darcy flow has been considered.

Opt.imum well performance results from placing the screen at the
base of the aquifer except for small screen ratios 1S /hO < 0.4. For
such small screen lengths, the optimum placement is midway between
the base of the aquifer and a point 0.4 ho above the base.

8. 4.4 Bottom Entry Large Diameter Well

As discussed in Section 5.8, in shallow unconfined aquifers it
may be a practical proposition to construct large dia'n;eter wells up
to 2 metres in diameter with open bottoms. Non-linear flow in
such situations can be frequently expected and was shown to consider=-
ably reduce well performance,. Data to allow the prediction of well
performance for various conditions including the likelihood of non-
linear flow are provided in Table 5.17.

Maximum discharge and free surface drawdown for fully Darcy
flow conditions occur v-vhen_the well is drawn down to the open bottom
of the well, the bottom being located betwéen 1/8 to 1/4 of the satu-
raied thickness h0 above the base pf the aquifer,i i.e.
1/8<hwlho =1 /h { 1/4, For non-linear flow the critical value of

lb/h0 = hW/‘n0 at which maximum discharge occurs increases with

the degree of non-linearity as measured by b/az.
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The discharge and free surface location for a well water level
above the base (hW > lb) may be estimated by linear proportioning
from thé values for drawdown to the bottom of the well (hW = lb).

This result is similar fo that for non-utilisation of available draw-
down noted in Section 8. 4.2 for conventional screened wells in un-
c‘onfined aquifers.

| "As shown in Figuré 5,49, the distribution of discharge flux at
the open bottom entry portion of the well is significantly non-uniform.
Velocities greater than t.ﬁrice the average value (V* = Q/1q rwz), may

" oceur at the well radius.
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APPENDIX 3

DESIGN FIGURES FOR WELLS IN CONFINED AQUIFERS -
PARTIAL SCREENING - DARCY AND NON- LINEAR FLOW

This appendix contains design figures for estimating the per-

formance of a well that is only partially screened in either the'top or

the base of -a uniform homogeneous igotropic confined aquifer. The

flow may be Darcy or non-linear.

An example' of the use of the design figures is given in Section

g.3.1.
As discussed in Section 8.3.4, the design figures may be used

to estimate the performance of more complex multi- gscreened wells.
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APPENDIX I

FINITE ELEMENT MATRICES

Al.1 Triangular Ring Element

Consider the typical triangular ring element shown in Figure

Al, 1,

o)

FIGURE Al-1: A TRIANGULAR RING ELEMENT

If the hydraulic head distribution at point (r, z) in the element is
represented by a linear functiop of r and z in terms of the nodal
vaIﬁes, then it can be shown (Zienkiewicz and Cheung (1967) ) that
the shape functions may be expressed as

NI = aI + bII' + CIZ (AI. 1)

where aj, by and ¢y are given by

a] = (r223 - r322)/2 7 (A1, 2a)
by = (zg - z3)/2 (A1. 2b)
cy = (r3-r9)/2 | (Al.2¢)

and the remaining coefficients are obtained by cyclic permutation of

subscripts. 4 is the area of the trian.gle 1-2-3,
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1 ri Z1
A = % 1 ry zog | (Al.2d)
1 ra zZg

From equation (Al.1) it follows that

oNr | by  (Al.3a)
» ar S

S4) | . (A1.3b)
oz '

Hence the matrix [S]T from equation (4.26) may be written
as T .
[s]T - | ™ b2 b3 . (Al.9)
€1 c2 €3
“For the cylindriéal coordinate system, the hydraulic conductivity

matrix from equation (4.27) is given by

[x] = | k., Kpg © (A1.5)
Kzr Kz

The shape function matrix for triangular elements is

[x] - [N wa Nl (A1.6)

where Ny, Ny, N3 are given by equation (Al.1).

The expressions for elément matrices [G] € and [G]%from
equations (4.25a) and (4.33) can be obtained by direct integrafion,
noting that dR has to be replaced by

dR = 2 7'r drdz - (ALT)

The components of matrices[G]° and [G]® are given by

N1 ONj
f[ i g% Bxa :] 2T r drdz (Al.8a)

et
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1t

.
and e c 2N1 INJ o0 b drdz (Al.8Db)
1J . 2 X§ 2 Xi
Re

where the range of subscripts i and j is from 1 to 2 such that

x1 = r and xg = z. Equations (A1.8) may be approximated by

E}?J = 2rra (Krrbiby + Kpz breg * Kyr €107 "’KzzCICJ) (A1, 9a)
Gp = 27rA Clpy + ey (A1.9b)

where r is the centroidal radius of the triangular plane section. r'and z
are not regarded as small letter subscripts in equation {Al.9a).

The integration for the matrix elements of [D] © and le} ©
(equations (4,25b) and (4.25¢) ) requires more effort. The two
matrices have been evaluated'by Parekh {1967) for two-dimensional
plane triangular eleménts. They may be simply adapted to triangular

ring elements resulting in |

1 1 1
- 2 4 4
[p]® - 2mrS. 4 1 1 N (A1, 10)
3 ) 2 4
1 1 1
L 4 4 2
e - - 3
(F§® = 27r QL : (A1.11)
3
L 0

where it is assumed that side 1-2 of triangle 1-2-3 corresponds to
the exterior b_ounclary portion on which the flux is prescribed and that
;1 is constant on side 1-2 of the triangle. The length of this side is
denoted by L.

Al.2 Curved, Isoparametric, Quadrilateral Elements

In solving two-dimensional flow problems "quadrilateral' elements

may be used to improve the accuracy of the numerical solution. This
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tyﬁe of element provides highef forms of approximation to the hyd-
raulic head function than a simple triangulér élement. Génerally the
use of ‘higher order elements allows an appreciable reduction in the
total number of nodes required in the flow region for a given degree
of accuracy.

Consid,er_the general elements shown in Fig.tre Al.2 where the
position within an element can be defined by the local curvilinear co-

ordinates (£ ., #7 ) such that ® and 7 take values of * 1.on the sides of
Q L]

-the elements.

3
50/ 8 = =} on side 12
s \ & .
\_ -~ m = +l on side 43
40? \,v”l—f‘\ \ k= | on side 23
\ 7 \ E
1

x4l .
\ .’;_,__ ~-= 2z ¥ = -l on side 14
L b

FIGURE Al-2: ISOPARAMETRIC QUADRILATERAL ELEMENTS
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A gquadrilateral ring element for use in axisymmetric well flow
problems can be generated by revolving an element of Figure Al,2
about the z axis.

The relationships between the global (:r, z) coordinates and the

local ( 6,4 ) coordinates are given by

r = N, (€,7) ry (Al.12a)
z = N; (§.7) 2] | (A1.12b)
where I ranges from 1 to m the number of nodes in the element.
The ex.pressions for the shape functions Ny have been developed

by Ergatoudis et al (196 8) and may be written in terms of the variables

éo =€€I and 7 = 77 @S follows:-
(a) Linear Element - Figure Al. 2(a)

N, = 1@+ g’o) 1+ 7)) _ (A1.13)

{b) Parabolic Element - Figure A1l.2(b)

Corner Nodes Ny = 3 (1+ € YA+ ) (§ +7, - D (A1,14)

v

Mid-Side Nodes § = 0 ; N;= 3 (1 g% a+7 )

M= 0 Np=3 -7%) a+€ )
(¢} Cubic elements - Flgure A1, 2(c)
Corner Nodes Ny = =5 (1+§ )1 +7) [ 1o+9(§ + 7 )] (A1.15)
€1 = “1and?, = - 1/3, Ny = —%(1+ § 1 - 7% 21 + 97,
M = 1 zmd§I =T1/3, Ny = -3% (1 +7 )01 -§ ) (149 €o)

The differential operators with respect to r and z and those with

respect to § and z are related by

2 - '% : (A1.18)
> | - 1 5% » :
dz 2Y)
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where [J]is' the Jacobian transformation matrix which is given by

o1 2z ‘
— | ¢ 3¢
o7 7
: | _a?m _a_gg ........ Qeﬂ z,]
— {3 2 ET: |
[ :I ] @.’YI ._a_M ~mmee - B_N_m %2 _
| a I7 an | . (A1.17b)
- . 2, |
- Now dR = 2Wrdrdz | - (Al,18a)
and drdz = |J| d€ dy |  (A1.18b)

where | F]is the determinant of the Jacobian matrix.

The slope matrix [S] (equation (4.26))may now be expressed as

INg ON, __ IN,.
[S] [3’] ;EI 353\/2 B ?5\/ (a1.19)
“é‘az‘ o7 a7 ‘

.Hence the element matrices. '[G]e [G] and [DJ (equations

(4.25a), (4.33) and (4. 25b) } are now obtained as -

[é]e = 2m o ((_‘s] [xIs] Ny rq |J| df azy (Al.20a)
1Y -1 |
1 1 L |

[G]¢ = 2n e [s1T[s] ny oy 3} 4§ dp  (ar20m)
13 1 |

1 1 '
e | - 1 T
[D]® = or ,( se [N] T [ N, r; [3] af a7 (A1.200)
-1 -1
Exact integration of these expressions for the matrices of general
distorted éuadrilateral elements is not feasible and numerical integration
is essential. Zienkiewicz and Cheung (1967) have described the pro-

cedure for numerically evaluating the definite integrals of equations

(A1.20) by employing thé Gaussian quadrature formula.
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The elements shown in Figure Al.2 have equal order response
along all four sides. "Mixed" type elements are possible as shown
in Figure Al,3 where a quadrilateral has cubic, linear and parabolic

response along sides 3-4, 1-2 and tue other two sides respectively.

FIGURE Al-3: POSSIBLE MIXED" TYPE
QUADRILATERAL ELEMENT

In the majority of flow problems, necessary finite element mesh re-
finement will result in the use of several "mixed" type elements.

Once the shape functions for such elements are evaluated the element
matrix formulations follow the general procedures outlined for
elements of Figure Al.2. Several "mixed" type elements were form-

ulated for use in well flow problems to be investigated by the author.
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A1.3 Rectangular Ring Elements

A special case arises when the general quadrilateral shaped
elements described in the previous section become rectangular, In
this case, by employing the technique described in this section for a
linear rectangle element, element matrices may be easily generated
with a considerable saving in computational time.

Consider a typical linear rectangular element shown in Figure
Al.4., The four corner nodes are numbered in an anti-clockwise

sense and r denotes the radial coordinate of the centroid.

-
4

FIGURE Al4: CROSS-SECTION OF A RECTANGULAR
RING ELEMENT

The expression for the element matrix [G] € from equation

(A1.20b) may be approximated by

1p 1
[c]€ - 27cr [ j‘[S]T [s] 15l a€ d7y (Al.21)
-17 -1

(=3




in
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where Cis the coefficient of non-linear effective hydraulic conductivity

at the centroid.

For linear rectangular elements it can be shown that |J| and

[S]are given by

| J1 = = (Al.22a)

2 T TINg N2 N3 N

7 9 | |3§ ¢ IF IF
[S] = o 2 ON: 3Nz IN3 INa (Al1.22D)
m ay 3y 27 I

where 1 and m are the width and height of the rectangle respectively.

Substitution of equations (A1.22 ) into (Al.21) leads to

[¢]® = 2nCr (—1"-‘- [a]€+ E}T [B]e) (Al.232)
where!_:f&] € and [B]e are the influence coefficient matrices whose

components are given by

A;I'ng( f 28 aN‘T d§ d7 (Al.23b)
N
and B;J’ = f ( aNI 8727 d? C!72 (Al.230)
~1J -

On applying the 9-point Gaussian quadrature formula (Zienkiewicz
(1971) pp. 147-149), the integrals in equations (A1.23b) and (Al.23c)

may be evaluated. The matrices [A] ® and [B] © are obtained as

1 -1 -1 1

3 3 6 6

-1 1 11

. 3 5 6 6

(a]°= S1 1 14 (A1, 24a)

6 5 3 3

S S U §

6 5§ 3 3

- —
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L L 1 1
3 8 6 3
SO TS T
3 3 3 6
|B|®= |-1 -1 1 1 (A1.24b)
| I 3 3 6
| L u y 1 L
3 6 6 3

Substitution of equations (A1l.24a) and (A1, 24b) in equation
(A1.23a) leads to the required matrix [G] © interms of 1 and m.
‘Similarly from equation (A1,20c) the expression for matrix [D] ©

may be approximated by

1, 1
- [D]® - 2mwsg ¥ _1_2_11 f J'[N]T[NJ d€ dy (Al.25)
| | -17 -1 -

On applying the 9-point Gaussian quadrature formula, the in-
‘tegral in equation (Al.25) can be evaluated. The expression_ for

matrix[D] ©is obtained as

I
i

[p]® - % T T 1lm Sg (A1.26)

ofre | ofre wofn
co]»-n colm colu:. @l
colm colﬂ:x colm colw
colu:n colm co'»—a co’m

N e

Al.4 One-Dimensional Elements

The problem of one-dimensional radial flow towards a pumped
well may be solved by using one-dimensional isoparametric ring

elements,
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(a) (b)
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FIGURE Al'5: IDEALISED ONE-DIMENSIONAL REGION AND
ONE-DIMENSIONAL ISOPARAMETRIC ELEMENTS

In the typiéal' Weli.aquifer system shown in Figure Al. 5 it is
sufficient to solve t‘he. hydraulic head distribution along any radial
line. Accordingly the two-dimensional region in the r-z plahe shown
in Figure Al.5a may be reduced to a radial line shown in Figure Al.5b.
This line is discretized into a network of line elements. A typical
3-node element is shown in Figure Al.5c. The planar ring section
is readily generated by revolving the line element about the z-axis.

Let ‘g' be the local co-ordinate associated with each line element

such that % = 0,1 and -1 at nodes 3, 2 and 1 respectively. The re-
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lationship between r and ? is given by,
2
r = o(1 + o£2€ + 0(.3 f (A1.27)

The expressions for the shape functions of the 3-node line
element were obtained by applying the general techniques described by
Ergatoudis et al (1968) for isoparametric elements. They are,

[N, N0 = [-2 (-5 3¢§+€%a —ézﬂ(Al.ZS)

The differentials are related by

. dr
dr = g at (A1.29)
from which it follows that
i} dN1 . |
drs (g Tp) aé = |35] af (A1.30)

where subscript I ranges from 1 to 3, and {J Iis the determinant of the

Jacobian transformation matrix given by,

| 1 - |
3] = 5 1+2f)r v 2§, - 2€r, (81.31)
daNp . oaNp a1 dNg
Also ~ar i€ I M a€ (A1,32)

Hence the slope matrix [S] for the 3-node line element takes the

form
_ [aNi dNg  dN3
[s] = |5 & ar (A1.33a)
- 11y 1 ]
i [2(-1+2€ ), $1+2€), - 2¢ (A1.33b)

From equation (4.33) it follows that
, T .
f c (s]” [s] dR (A1, 342)

[G] ) Re

where dR = 2Tr dr (A1l. 34D)

[T




Al 13
Substituting equations (A1.,34b) and (A1.30) into equation (Al.34a)
results in
[G]® - eon c 17 [s] N rp 13l 4§ (AL.35)

-1

The 3-point Gaussian quadrature formula (Zienkiewicz (1971)
pp. 147-149) was applied to the integral of equation (Al,35) and after

matrix multiplication the following expres sion was found

[c]° - 2"23 jc-%%;— Ny €3) rp W §y
i=1 i
— : =
(-1 +2€i)2 (46, - 1) - 4§, (-1+2€;)
| (Al.36)

N P
1Y
)

@5 - (1+2?i>2 - 4§ + 28

o | 2
-4€i(-1+2€i) -4?1(1+ 2€i) 16 §;

L_

—

where C( €i)’ NI ( ?i) and J( ?i) are functions of the € coordinate to
be evaluated at the Gaussian points ( %i) and W( €i) are the values of
the weighting coefficient at the Gaussian points.

Similarly expressions for matrices [E}] € and [D] € can be ob-

tained from the following equations:

[¢]°® 2 -j([s]T (k] [s] N, 1 5} a8 (A1,37)

1

1

p ¢ = 2nm gss )T [N] ~Np rp J3l 4§ (A1.38)
-1
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APPENDIX 2: ANALOGUE MODEL - ELECTROLYTIC TANK

A2.1 General :
In this appendix an electrolytic _tank analogue model fof solving
two dimensional axisymmetric well flow prob_lems is described. Sol-
utions obtained from this analogue model were used in Chapter 5. to
vefify the finite element analysis of problems for which no exact math-
ematical treatment can be found.

The utilisation of electrolytic tank models for the solution of
steady state field prob_‘lemS governed by Laplace's équatio_n has been
extensive since the concept was introduced by Adams (1875), A wide
range of porous media f-léw problems has been solved using electro—
lytic tank modelling techniques (see list of refér_ences 'in Todd (1959),
De Wiest (1965) and Bear (19?2)). Detaﬂéd treatment of the use of
electrolytic tanks is given 1n tlhe specialised texts on analogue modell-
ing by Karplus (1958) and Karplus and Soroka (1959) to which the
readef is specifically referred.

In presenting the essential feature»s of the model used by the
author, it has been a;;sumed that the reader is conver-san_t With the

" general techniques of electrolytic tank modelling as deséribed in the

above references.

A2.2 Electrolytic Tank Model Description

A schematic diagram of the electrolytic tank model is given in
Figure A2:1. The electrical circuit shown in the figure is a simpli-
fied version of that actually employed, The model rnéy be thought of
in terms of three basic coniponents; the electrical circuitry; the probe
" and positional location unit; and the tank itself. Each of these compo-

nents will now be discussed.

kel
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A2.2.1 Electrical Circuitry

If d-c voltage supplies are used in an electrolytic tank, polariz-
ation-type electrochemical phenomena will occur almost‘immedi‘ately
at the electrodes. Therefore a-c suppliss are preferred and used al-
most exclusively. The selection of the a-c voltage supply frequency
involves a compromise. As frequency is increased, polarization
effects decrease but stray capacitance effects become more pronoun-
ced. Frequencies in the vicir.lity of ]4..500. cps appear to be the most
satisfactory. The author used a b volt a- ¢ voltage supply at a fre—r
quency of 1564 cps.

Standard earthiﬁg techniques were used to eiiminate 50 cps in-
tefference

In the case of a-c¢ eleci;.rlcal systems (as used here) a true null
can be obtained only if both the amplitude and the phase of the signal
- at the probe tip are identical to those at the sliding arm of the po-
tentiometer. Capacative reactances assosiated with the polarization
'of the electrolyte act' to shift the phase of ’.the probe signal. To ob-
tain a sharp null, this quadrature component of the probe signal was o
réompensated by adjustment of a decade capacitance box connected
across one arm of the potentiometer. The effects upon both amplitude
and phase of stray capacitances were minimised by careful shielding
of the pro}?e and by employing a Wagner ground (Terman and Pettit
(1952) ). |

A cathode ray oscilloscope proved to be-an extremely satisfactory

null indicator.
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A2.2.2 Probe and Position Location Unit

Softky and Jungerman (1952) described a probe suitable for meas-
uring equipotential lines Wiﬁhin a three dimensipnal electrolytic tank.
Based on such a design, a probe was made from 0.8 mm diameter
stainless steel hypodermic needle insulated by an 0.1 mm layer of
heat shrink P.V.C. based sleeving, except for the 1 mm tip which

was silver plated.

Main frame

N

A

NN

/l 7
Probe tipr

PLAN SECTIONAL ELEVATION B-B

FIGURE A2-2: PROBE LOCATION ~-SCHEMATIC DIAGRAM

The mechanism for locating the probe within the electrolytic
tank is shown schematically in Figure A2.2. The tank was seated in
2 main frame which was provided with three levelling screws and

mounted on a solid foundation to avoid vibrations. The probe was
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attaéhed to an insulated probe block whose height was adjustable.
Movement of the probe within the horizontal plane was achieved by

the twin carriage arrangement running above the main frame as shown.
Vernier scale adjustment in all three directions of probe movement
permitted accurate location within 0. 2mm.

A2.2.3 Electrolytic Tank

The arrangement of the electrolytic tank for modelling partially
screened wells in both confined and uncqnfined. aquifers is shown in
Figure A2.1, |

Th>e equipotential boundary at the radiusro.f influence of the well
aquifer system was modelled in the tank by a polished braés cylind-
fical electrode having an internal diamefer 508 mm.. The weil bound-
ary was formed by a 25.4 1|'nm diameter composite bar. Polished
brass rod was used for the electrode to correspond to the equipoten-
tial boundary along the screened portion of the well and perspex bar
was used as an in‘sulator for the equivalent impermeable cased portion
of the well.

Singly‘distﬂled water was used for the electrolyt.e. The aquifer
thickness being modelled was controlled bjr the depth of electrolyte
within the tank since the air-electrolyte interface behaves as a flow
boundary.

In confined aquifer modelling the impermeable base of the aquif-
er was represented by the perspéx insulating bottom of the tank.

The electrolytic tank modelling of a partially screened well in an .
| unconfined aquifer, being complicated by the free surface, was carried

out upside down. The air-electrolyte interface acted as the base of

the aquifer whilst plasticine within the bottom of the tank was adjusted to
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represent the a priori unknown free surface. Accurate sculpting of
the plasticine to a required axisymmetric surface was achieved by ro-
tating a radial metal sheet form about the central well bo{mdé.ry. A
trial free surface was prepared, potentials along the surface were
fneasured, and the shape of the plasticine adjusted until the free sur-
face condition h = z was satisfied at all points of the surface. The
convergence was rapid. Once the free surface had been established,
equipotentials within the flow domain were located.

A2.3 Accuracy of Electrolytic Tank Model

In discussing the accuracy of the electrolytic tank model it is

convenient to define the percentage error E% as

€% = 100 Etyue -~ Emeasured (A2.1)
' ABEmax

where AEmax is the largest iroltage potential differ“-ence appearing in
the system, that is the potential diffe.ren'ce (ﬁf 5 volts between the
electrodes.

Liebmann (1953) reported that an acéuracy of 5% is easily obtain-
ed and accurac;ies of 0.1% to 0.2% have been achieved.

' The principal sources of errors in electrolytic tanks are mech-

anical errors, polarization, surface tension, probe effects and non-
uniiformity of the electrolyte,

Mechanical errors include inaccuracies in the shapes of elect-

3

rodes and boundaries and errors in the positioning and measuring of
the probe location within the electrolyte. Electrode surfaces were

machined within tolerances of ¥ 0.05 mm. By careful levelling of

the model and accurate measurement, the electrolyte depth was estim-
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ated to within 0.2 mm. The free surface location 1n unconfined aquif-
er modelling was determined v;rithin T 0.5 mm. While it is difficult to
assess the over-all error introduced by the above mechanical inaccur-
acies, the voltage errér due to false positioning of the probe can be
estimated by multiplying the probe position error by the mé.ximum volt-
- age gradient in the electrolyte. For example, for a fully screened
well in a confined aquifer (ry = 12.7, 1y = 254) modelled by the elec-
trély—tic fa.nk, the maximum voltage gradient, the probe-position error
and the resulting voltage error were respectively 0.'1_3 volts /mm,
0.2mm and 0.52%.

- Einstein (1951) investigated the polarization effect to determine
the combination of electroiyte and electrode giving the least inaccuracy,

the criterion usegi being a figure of merit, F, defined as -

resistance of 1 cm3 of electrolyte

Fo= “surface impedance of 1 cm? of electrode

His experirhents were conducted with an a-c voltager supply of 1500 cps
and in all cases the current density was 4.2 mA r.m. s/cmz. Tﬂe re-
sults indicated that F de'crea..sed with increasing concéntration eLnd in-
creased with the temperature of the electrolyte. Typical values éf F
are given in Table A2.1. The combination of polished brass elect-
.rodes and singly distilled water electrolyte used by the aulthor could

be expected to yield a figure of merit of the order of 200 cm—l. Such
a value of ‘F guaranteed that polarization errors would be small com-
pared to mechanical errors. Further possible inaccuracieé due to
the phase shift caused by polarization were eliminated by the modified

electrical circuit discussed in Section A2,2.1.
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Table A2.1: Figure of Merit of Various Electrode-Electrolyte
Combinations. (After Einstein (1951} )

Electrode Electrolyte Flcm )
Copper (polished) M/2 Cu SO4 solution 12.4
Brass (polished) Tap water 105
Brass (etched) . Tap water 111
Brass (etched and

graphited) - Tap water 232
Brass (ge::;;‘iezr;d M/30 Cu SO, solution |  41.8
Brass (etched and Singly distilled water 480
graphited)
Brass (platinized) Singly distilled water 840

Surface tension effects were all but eliminated by having the
electrolyte surface coincident with the plane of the top of the .inner and
outer cylindrical boundaries.

The distortion of the flow field éaused by the presence Qf the

probe shank withinthe electrolyte was negligible since the probe dia-

‘meter was small compared to the dimensions of the electrolyte system.

Errors due to nonuniformity in the electrolyte were .minimised
by ensuring thermal equilibrium in the system. The tank was opera-
ted -at room temperature in a thermally insulated room. At other
than room temperature, serious errors due fo thermal convection
currents within the electrolyte are extremely difficult to avoid.

Figur"e A2.3 illustrates the results of accuracy tests for the
electrolytic tank model used by the author; the accuracy assessment
was carried out for fully radial flow between iwo concentric cylindrical
electrodes (ry, = 12.7, rg = 254) simulating a fully screened well in a

confined aquifer (1 = m = 127 mm).
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FIGURE A2:3: ACCURACY OF ELECTROLYTIC TANK

The accuracy obtained, € % < 0.3%, was very good and fully

justified the care taken in prepar ing the model.






